VIl- 33
Atoms — 09 update-- start with single electron: H-atom

3-D problem - free move in x, y, z
- easier if change coord. systems:
Cartesian — Spherical Coordinate

(X, y,2) = (r, 6, 9)

Reason: [V(r) = -Ze?/|r| | depend - separation not orientation
electrostatic potential — basis of chemistry

Note:  (if proton fixed at 0,0,0 then |r|=x*+y*+Z%)

= Xe—=Xp)l + (Ye = VYp)] +(Ze —Zp)k --vector

|r| = [(Xe — Xp)2 + (Ve — yp)2 +(ze — Zp)2]1/2 --length (scalar)

Goal - separate variables V(r) 2 x,y,z mixed
— no problem for K.E. — T already separated

First step—formal: reduce from 6-coord: Xe,Ye,Ze & Xp,Yp,Zp
to 3-internal coordinates. Eliminate center of mass

whole atom: R = X+Y+Z X = (MeXetmpX,)/(Me+my) . . etc.
this normalizes the position — correct for mass
for H-atom these are almost equal to: x,, y,, Z,
but process is general — move equal mass — issue

other 3 coord: relative x =x.—Xx, etc. ideal for V(r)

Problem separates, V = V(r) only depend on internal coord.

Hy = [-#%/2M Vg° + -i*2u V.2 + V()] ¥(R,r) = EY

M = me¢tm, L= MeMp [(me'!'mp)
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Y(R,r) = Z(R) y(r) — product wave function separates
summed H like before (eg.3-D p.i.b.)
i.e. Operate H on W(R,r) and operators pass through
R and r dependent terms, Z(R) and w(r), to give:
left side: right side = E {E(R) y(r)}
CH2M)y(NVRE(R)] and [E(R)(#7/2u0) V2V (r)]w(r)
so divide through by W(R,r) = Z(R) y(r) and results
are independent (R and r) = sum equal constant, E

R-dependent equation: (-#*/2M)(1/Z(R))Vr*Z(R) = E+
Motion (T) of whole atom - free particle -not quantized -ignore

r-dependent equation: (1/y(r))[(-7°/20)V+V(0)]w(r) = Ei
relative (internal) coord. here we let E = E1+E
internal equation simplified by conversion: x,y,z — r,0,¢

result internal:| H(N)w(r) = [(-7*/2w)V*~Ze*/rTu(r) = Epnpu(r)

(idea — potential only depends onr,
so other two coordinates, ¢,0 —only contribute K.E.)

Vios = 1/r{olor(r*0/0r)+[1/sinB]6/00(sin® 6/60) + [1/sin°6]6°/0¢°}

Easy to separate ¢ depe
set up Hy = Ey, multiply r*sin®d, ¢ only in 1 term

[(-7°12 1)V, ,,2—Z€°Ir] (r,0,0) =
(-R212ur*Yolor(r’olor)+ [1/sin6]o/o0(sind 6/00) +
[1/sin%0]6%/80° 1w (r,0,d) — Ze/r w(r,0,0) = Eint w(r,0,0)

34



VIl- 35

(-°/2y) sin“0{a/or(r*alor)+ [1/sin6]o/o6(sinG a/06)hy(r,0,0) +
0*(r.0,0)/0¢° = [Fsin0(Z)e*/rv (r,0.9)
= r*sin“0E;n w(r,0,0)

(-7°121) {sin“0 dlor(r*olar)+ sind 6/06(sind 6/66) —
r*sin“0(Eine +Z2€°/M)hy(r,0,0) = - 67067 y(r,0,0)

Use |y(r, 0, ¢) = R(r) ©(0) D(¢)
(-7°12) {sin0 dlr(r*olér)+ sin® &/68(sin® 8/68) —
r?sin®0 (Eiy + Ze%/r)} R(NO(0)D(9) = - 6%/0d° R(r)O(0)D(d)

Recall 6°/6¢* only operate on ®(¢) part, rest pass through

D() (-7°12) {sin“0 8/or(r°olor)+ sind 8/68(sind 6/90) —
r’sin®0 (Ej + Ze2/r)} R(r)©(0)
= - R(rO(8) &°/0¢° d(¢)
divide through as before by ¥ (r,0,0)
[R(NO(O)] ™ (-#*/21){sin“0 d/ar(r*o/dr)+sin® 6/60(sin® 6/60)
— r*sin“0 (Ejy + Ze°/r)} R(r)O(0) = - [®(9)]™" °/6¢° ®(d) = const.

right side (red) independent of left side, so must be constant

a) Let @ part equal constant, m*: [67/0¢* ®(¢) = -m* d(¢)
y

T

= |"m  rotation about z-axis | ®(¢) = e™|m=0,£1,2. ..
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b) Can similarly separate ®(0) — but arithmetic messier
1% divide through by sin“6 (separate r and 6 terms)

[R(NOO)] ' (-#°/12){ dlor(r*dlor)+(sin®) ' 6/60(sind 6/96)
— P(Eint + Z€%/1)} R(r)®(0) = m?/ sin“0

Note 1% and 3" terms have r but middle only 6, separates
[O(0)]!(-7°/2){ (sinB)'6/66(sind 6/00)-m?/ sin“6}@(0)
= —[R(r) T{(-#*2p){olor(rPolor) r* —(Ein + Ze%/r)} R(r) = const.
Resulting equation:
(-R°12w){ (sinB)'6/80(sind 8/06)-m?/ sin“B}@(0) = I(1+1) O(0)
LeGendre polynomial: ©,(0)= P, ™ (cos 8) £=0,1,2, ...

£=0 — 212

t=1 m=0 —(3/2)" cos 6

£=1 m==1 - (3/4)"*sin 6

£=2 m=0 — (5/8)""2 (3 cos®0 — 1)
=2 m=<1 — (15/4)" (sin 6 cos 0)
£=2 m==1 —(15/16)"2 (sin®0) . ...

c) Radial function messier yet but must fit B.C.

r->o = Ry(r)—>0
(must be integrable)

exponential decay,
penetrate potential

~ e damp (r always +)

Must be orthogonal
this works when fct.
oscillate (wave-like)
power series will do
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Associated LaGuerre Polynomial

R = [const] (26/n)t Lay? (26/n)e™™ o = Zr/ag

(
n=1,2,3,... £=0,1,2,...n=1, {>|m|

n=1,{=0 ~e°

n=2 £=0 ~ (2 -0c)e™"

n=2 £=1 ~ oe™”

n=3 =0 ~(1-20/3 + 26°/27)e""
n=3 {=1 ~ (6 —6%/6)e™"

n=3 {=2 ~ ge™?

Note: n restricts £ (< n—1) and { restrlcts Im| (<

Comparison of potentials
— when potential not infinite, levels collapse,
— when sides not infinite and vertical
w/f penetrates potential wall

Particle in box; Stubby box;
ry L < . Ko
ne| Botidein Bx T “Stubhy " Berg ink:
qﬁw.h‘h—ﬂmf%_lﬂﬁ"__""'”_ﬂ
- .;. .
g [ s i g
3 %ﬁﬂ; q - |
e L
l- -____.-H—Hh" { lr“_.-'_'_._ e
o L |
E - Ii!.,.-’tl"i-" -E.,.!Pu.m\f i H -]-pTuJ E'Itwt-}j

AE ~ 1 co llaps<
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Harmonlc oscnllator Anharmonic oscillator
he G\ \_ 2E jE= A
=
—— =T
3 4 bt —
* Saho ; I 4 e ﬂ
| Kk 2 eiv |
o Jihdh ! Fa Vahw
Heaw maul e ﬂ&'c,‘“-_ﬁ-;j ° E MH}LF’ ==
E-levels reqv - Space .Iﬁn-.. o mevae oS m‘ﬁ"r‘
NE =hv = constof E-Irg_.r.g,fg ;nﬁ'aftt{.

For finite potential, levels collapse, wavefct penetrate wall

H-atom
Solutions drawn are for £ =0 £ H - Frtom
higher {, less nodes s —"
If rotate this around 0 I 7 Cx
r =0, get a symmetric ol B ek
well and shapes look a E=y R |
a little like harmonic levels collepse
oscillator shapes ek
R
since potential “bends over,” ;\_ K= Rydbery
V=0 at r=c0, get collapse of |
Levels as n—=> o« | R ,
L r-:.n-t‘i'r-:'!'-.u-n._
Yo peaetradion”
Energy vary with nodes and bactoelly « hin)

curvature as before
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These functions can ble cT‘ombined
y(r,0,0) = Ruy(r) ©;'™'(0) Orm(9)

Note: only R,; depend on r as does V(r)
Energy will not depend on 0,¢ for H-atom

Often separate as|Y;m(0,0) = O;' ™' (0) ®m(d)

= these are eigenfunctions of Angular Momentum
recall : L=r x p, L® ~#°V,?, L,=Xpy-YPx, L,=-170/0¢

L? Yim (6,0) = 82 + 1) 7* Yyn

Lz Yem (B 0) = MAYym

This Is source of familiar orbitals, £ = 0,1,2,3. . or s,p,d,f

Solving Ry equation | E, = -Z°e“1/2/4°n*
— exactly Bohr solution (must be, since works)

Familiarrn=1 £=0 m=0 —1s
n=2 £=0 m=0 —2s
£=1 m=0,x1 —2p (2po+2p+1)
n=3 £=0 m=0 —3s
£=1 m=0,+1 —-3p
£=2 m=0,£1,£2 —3d (3dp,3d+4,3d.>)

il

- u] 3 1
rilrokr riffr

Note: 1s decays, 2s has node—>(2-c) term, 2p starts at 0
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r _ _ T s e
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1 ey 7/
TR TR

a 10 ofk . = -
r/bohr 0 . ribohr

Note: 2s node makes dip  Note: # radial nodes (in Ry)
in probability (e- density)  decrease with ¢, i.e. # = n-{-1

|

A

\Wi%Z

2pz 3s 3px 3py
e % %
3]12 3d22 3d¥z
3d 'y 3d Xy 3d)|;..2-v2

Figure 7.10 » Hydrogenic atomic orbitals.

Angular functions have no radial value --> just surface,
combine with radial function to get magnitude or e” density,
Best represented as a contour map or probability surface
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Real orbitals, take linear combinations of £m values,
eliminate | dependent terms, get x,y,z functions
Cartesian form: e™+e™™? = cosp+ising + cosp—ising ~x

¥ 5 orbitol

£=0

dﬂ- 'ﬁi— [ ML . dr:

dfz-rz

FIGURE 2-11 Angular w Note that since fi. is independent of n, ali s

orbitals {1z, 2s, ..
have the same shape, etc., and differ ohly in size,

have the same shap il p orbitals (2p, 3p, . . ]
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TABLE 7.1 » Real Hydrogenic Orbitals in Atomic Units
33;2 _7y
Vis = W &
3 .
Yoy = ke (] — E) E_EHE
2/ 2w 2
ZHE g
Yo, = W zg 412 Yap . ¥ p, analogous
z3? 2.2 —Zr/3
19 = — (2T — 187Zr + 27 —aFy-
Vi = e ' gl
vzt oo
W3p, = NG (6 — Zryze %13 Vip.» ¥3p, analogous
7/2 _
Vid, =~ (3P — y2) e~ 2ri3
;2 ﬁwﬁ:r{
V2772
t,fgd” = WEIE Zr(3 ) ﬂrw}u, 11!‘-3&:_}- a.naln.gl\ma;
zZ g
| — _ ~Zr/3
wd_:'l_.y! Hlﬁ (x Y }E
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Shapes of Canonical AQs
i radial wnode J:Ffu:ﬂ*m p-a-r-a%r’% T

=2
Dc.fo' UH.GL&-"—
| Ae ~S FOw T
(2p0} = {2pz) {3p0) = {3pz)
{2p1°} = {2px) (3p17) = {3px)
{2p17) = {2py) (3p17) = {3py)

(3d0) = (3dz2 - 2) (341"} = {3dxz), (3d1”) = (3dyz)
(3d2°) = (3dxZ — y2), (32"} = (3dlxy)

Radial function effect represented by contours, each line
represents lower e- density — sign change makes node
between lobes or radially (e.g. see top, 3p vs. 2p)
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Linear comb. of degenerate orbitals also solutions
H-atom — show effect of mixing s and p orbitals:

Hybrid Orbitals through s-p Mixing 37

2.34:1

Figure 2-11. Contour plots (k) = constant) of mixtures of (5) and (p) atomic orbitals
showing the ratios A% : B2, In these plots solid, dotted, and dashed lines denote regions
where (1) > 0, (k) = 0, and (k) < 0, respectively. The abselute value of the smallest
value of (4) is 0.05 Bohr *? and A(f) has the same value. (Courtesy of Dr. K.
Ruedenberg.)

Hybrids — linear comb. of s and p — orient for bonding
sp — 2 orbitals / opposite direction, (stp) are 180°
sp® — 3 orbitals / in plane / 120° apart

sp® — 4 orbitals / 4 vertices of tetrahedron (109°)
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Energy level diagram — H-atom
Eéev) n . T

Allowed— any n change: An =0
—{, m;, as before: Al=+1,
Amy = 0, +1
no energy dependence on £, but
| spectral transitions do depend on {

_I:f.i:l'l;5 1

Spectral transitions match Balmer series
but also must account for ®,® functions
Allowed - selection rules (see box)

n—>n'=1 — Lyman must start p orbital --> end 1s

n—n'=2 — Balmer must start d or s orbital - end 2p

or startin p orbital > end in 2s etc.

Test with Zeeman effect — m; pH = E' add E from field
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