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Lecture 24. Hermitian Operators

What properties must operators that correspond to observables have? For oen thing, we
want its eigenvalues to be all real. We will show that Hermitian opeators have the desired
properties. Definition: An operator Â is Hermitian if

( ) ( )∫∫ = ττ gdfAdgAf
** ˆˆ

Example:
dx

d
iA h−=ˆ

gdx
dx

df
idxg

dx

df
igfidx

dx

dg
if

**
**

∫∫∫
∞

∞−

∞

∞−

∞

∞−

∞

∞−








−=+−=






− hhhh

In the first step we integrated by parts:

givdx
dx

df
du

dx
dx

dg
idvfu

h

h

−==

−==

,

,

*

*

In the second step we assumed that f and g vanish at .∞±

Properties of Hermitian operators:

1) Their eigenvalues are real.

Let mf ψ= and ng ψ= be eigenfunctions of Â . Then the Hermition property of Â

tells us that
*ˆˆ mAnnAm =

But by assumption,

mamA

nanA

m

n

=

=
ˆ

ˆ

It follows that

mnanma mn
*=

For m = n, *
nn aa = .
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Note:
** nndnn nn∫ == τψψ

Eigenfunctions belonging to different eigenvalues of a Hermitian operator are
orthogonal.

nmamnamAn

nmanAm

nm

n

==

=
***ˆ

ˆ

Note: [ ] nmddmn nmmn ∫∫ === τψψτψψ ****

But
*ˆˆ mAnnAm =

Therefore:
( )

0

0

=⇒≠

=−

nmaa

nmaa

mn

mn

2) If Â and B̂ are Hermitian and do not commute, then [ ] CiBA ˆˆ,ˆ = , where Ĉ is
also Hermitian.

Claim: ( ) ( ) τϕψτϕψτφψ dABdBAdBA ∫∫∫ ==
*** ˆˆˆˆˆˆ

Therefore, ( ) ( )[ ] τφψτφψ dBAABdABBA
** ˆˆˆˆˆˆˆˆ ∫∫ −=−

[ ] [ ][ ] [ ][ ] τφψτφψτφψ dBAdABdBA
*** ˆ,ˆˆ,ˆˆ,ˆ ∫∫∫ −==

Set [ ] CiBA ˆˆ,ˆ =

Therefore,

( ) ( )
( ) τφψτφψ

τφψτφψτφψ

dCdC

dCidCidCi

∫∫

∫∫∫
=

=−=
**

***

ˆˆ

ˆˆˆ

It follows that Ĉ is Hermitian.

Examples:
[ ]
[ ] zyx LiLL

ipx

ˆˆ,ˆ

ˆ,ˆ

h

h

=

=



3

We can use these theorems to derive the Uncertainty Principle.

Definition of the uncertainty:

( ) 2
22 ˆˆ AAA −=∆

Can ?0=∆A Yes, for an eigenstate!

Can ?0=∆=∆ BA Let [ ] CiBA ˆˆ,ˆ = . We will prove that

CBA ˆ
2

1≥∆⋅∆

The proof is based on a theorem known as the Schwarz inequality:

2
*22

τττ dgfdfdf ∫∫∫ ≥⋅

The equality holds only if .gf ∝ A simple geometric interpretation of this inequality is
based on the “angle” between two state vectors:

1cos ≤=
ggff

gf
θ

Choose:

( )
( )ψ

ψ

BBg

AAf

−=

−=
ˆ

ˆ

Schwarz’ inequality tells us that

( ) ( ) ( )( ) 2
*22 ˆˆ∫ −−≥∆∆ τψψ dBBAABA

Prove the following:

( )( ) C
i

FBBAA ˆ
2

ˆ
2

1ˆˆ +=−−

where
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( )( ) ( )( ){ }
[ ]BAiC

AABBBBAAF

ˆ,ˆˆ

ˆˆˆˆˆ

=

−−+−−=

Also prove that F̂ is Hermitian.

It then follows that

( )( ) C
i

FdBBAA
2

ˆˆ* +=−−∫ τψψ

where CF , are both real.

The absolute value squared of this integral is

222

4

1

4

1
CCF ≥+

Q.E.D.
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Lecture 25. Matrix Mechanics

State vectors

Basis set:





























⋅
⋅
⋅

=





























⋅
⋅
⋅

=





























⋅
⋅
⋅

=

0

1

0

0

3

0

0

1

0

2

,0

0

0

1

1

Addition of basis vectors:



















⋅

=



















⋅

+



















⋅
1

0

1

1

0

0

0

0

1
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Scalar multiplication of basis vectors:



















⋅

=



















⋅
0

0

0

0

1 a

a

State expansion:



















⋅

=⋅⋅⋅+



















⋅

+



















⋅

+



















⋅

==∑
3

2

1

321 1

0

0

0

1

0

0

0

1

a

a

a

aaaiaa
i

i

Vector addition:



















⋅
+
+
+

=



















⋅

+



















⋅

=+
33

22

11

3

2

1

3

2

1

ba

ba

ba

b

b

b

a

a

a

ba

Scalar multipluication:



















⋅

=



















⋅

=
3

2

1

3

2

1

a

a

a

a

a

a

a
λ
λ
λ

λλ

Dual or adjoint vectors:

( )⋅=



















⋅

==






=

⊥

⊥
⊥

∑∑
*
3

*
2

*
1

3

2

1

* aaa
a

a

a

aiiaa
i

i
i

i

Note: The symbol for an adjoint is a dagger, but because I don’t have that font, I
used ⊥ instead.
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Orthonormality: ijji δ=

( )

( ) 0

0

1

0

001

1

0

0

1

001

=
















=
















Dot product:

( ) ∑=++=
















=
i

ii abababab

a

a

a

bbbab *
3

*
32

*
21

*
1

3

2

1
*
3

**
1

Normalization:

( ) .0
2

3

2

1
*
3

*
2

*
1 ≥=

















= ∑
i

ia

a

a

a

aaaaa

Lecture 26. Matrix Representations of Linear Operators

A linear operator is a linear vector transformation: baT =ˆ

Consider the clockwise rotation of a vector in the xy plane by an angle θ .










+−
+

=






+






=
















=


















−
=









θθ
θθ

θ
θ
θ
θ

θθθ

θ

θ

cossin

sincos

1

0ˆ
0

1ˆˆ

cos

sin

1

0ˆ

sin

cos

0

1ˆ

21

21
21

2

1

aa

aa
RaRa

a

a
R

R

R

This last result prompts us to write θR̂ as a matrix:










−
=








=

θθ
θθ

θ cossin

sincosˆ
2221

1211

RR

RR
R
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Transformation of a basis sate:

∑

∑

∑

=

=






=














=








=







=
















=









i
in

i
i

i
i

iRnR

iR
R

R

RR

RR
R

iR
R

R

RR

RR
R

θ

θ

θ

ˆ

1

0

1

0ˆ

0

1

0

1ˆ

2
22

12

2221

1211

1
21

11

2221

1211

Transformation of an arbitrary state:

∑

∑∑ ∑∑ ∑∑∑

=

==







=







===

j
jiji

i
i

i j
jij

j i
ijj

j
j

j
j

aRb

bibiaRiRajRajaRaR θθθ
ˆˆˆ

Successive operations: ABC ˆˆˆ =

Let

∑

∑

∑

==

==

=

i
i

i
i

i
i

ihhgB

iggfA

iff

ˆ

ˆ

But we already proved that

∑

∑

=

=

j
jkjk

k
kiki

gAg

gBh

Putting the pieces together,

ihifABh

fABh

i
i

i jk
jkjik

k j
jkjiki

∑∑ ∑

∑∑

=







=

=

But it is also true that

∑∑ ∑∑ ∑∑ =







====

i
i

i j
jij

j
ij

i
j

j
j ihifCiCfjCffCh ˆˆ

Equating these two results,
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∑

∑ ∑∑

=








=

k
kjikij

j k
jkjik

j
jij

ABC

fABfC

This is matrix multiplication.

How do we calculate Aij?

[ ] ijik
k

kj
k

kj
k

kj

k
kuj

AAkiAkAijAi

kAjA

====

=

∑∑∑

∑

δˆ

ˆ

It follows that

τψψ dAjAiA jiij
ˆˆ *

∫==

Lecture 27. Hermitian Matrices.

Left and right operations:

Compare ( ) ( )∫=⋅ τψψ dAbAa ba
ˆˆ * with ( ) ( )∫=⋅ τψψ dAbAa ba

*ˆˆ . Are they equal?

Not necessarily! For this reason we define the Hermitian adjoint of .Â

( ) ( )∫∫ =⊥ τψψτψψ dAdA abab
ˆˆ **

What are the matrix elements of ⊥Â ? Look at how it operates on the basis functions, iφ .

By the definition of the adjoint,

( ) ( )∫∫ =⊥ τφφτφφ dAdA jiji
ˆˆ **

By the definition of a matrix operator,

∑
⊥⊥ =

l
li lAiÂ
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The LHS of the integral therefore gives

( ) **

*
*ˆ ⊥⊥⊥⊥ ==







= ∑∫ ∑∫ ji
l

lijl
l

liji AjlAdAdA τφφτφφ

The RHS of the integral gives

ij
l

ljl
l

ljiji AliAdAdA === ∑∫ ∑∫ τφφτφφ ** ˆ

Conclusion:

*

*

*

ˆˆ t

ijji

ijji

AA

AA

AA

=

=

=

⊥

⊥

⊥

where we have defined the transpose of Â :

ji
t
ij AA =

Illustration:

















=

















=

⊥

*
33

*
23

*
13

*
32

*
22

*
12

*
31

*
21

*
11

333231

232221

131211

ˆ

ˆ

AAA

AAA

AAA

A

AAA

AAA

AAA

A

Definition: A Hermitian operator is self-adjoint: ⊥= AA ˆˆ

The third theorem that we proved above is that

[ ] [ ]BABA ˆ,ˆˆ,ˆ −=
⊥

where Â and B̂ are Hermitian. The commutator of two Hermitian operators is Hermitian
only if it is zero. On the other hand, you can prove that the “anti-commutator” is always
Hermitian,

[ ] ABBAABBA ˆˆˆˆˆˆˆˆ +=+
⊥
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Some simple examples of Hermitian operators.

Hamiltonian for the harmonic oscillator (for 3 levels):

















=
2/500

02/30

002/1
ˆ ωhH

Angular momentum operators for l =1

















−
=

















=

100

000

001
ˆ

100

010

001

2ˆ 22

h

h

zL

L

xL̂ and yL̂ are trickier to get. Remember that

( )
( )−+

−+

−=

+=

LL
i

L

LLL

y

x

ˆˆ
2

1ˆ

ˆˆ
2

1ˆ

So let’s investigate the ladder operators.

We know that

1,)1()1(ˆ

1,)1()1(ˆ

−−−+=

++−+=

−

+

mlmmlllmL

mlmmlllmL

h

h

It follows that for l = 1,
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















=

















=

−

+

010

001

000

2ˆ

000

100

010

2ˆ

h

h

L

L

where the rows and columns are labeled in the order .1,0,1 −=m

It now follows that

















−
−

=

















=

00

0

00

2
2ˆ

010

101

010

2

2ˆ

i

ii

i

L

L

y

x

h

h

Examples of non-Hermitian operators are +L̂ and −L̂ They are in fact Hermitian adjoints
of each other:

( ) [ ]( ) ( ) ( ) ∫∫∫∫∫∫

∫∫ ∫
+=+=−=

+=

−

+

ττττττ

τττ

gdLfigdLfgdfLigdfLgdfLiLgdfL

gdLfigdLfgdLf

yxyxyx

yx

ˆˆˆˆˆˆˆ

ˆˆˆ

******

***

Having identified the matrix representation of an operator, we next inquire after its
eigenvalues and eigenvectors. The simplest case is that of a diagonal matrix.

Consider a two state problem with the Hamiltonian









=

22

11

0

0

H

H
H

Clearly,









=
























=
















1

0

1

0

0

0

0

1

0

1

0

0

22
22

11

11
22

11

H
H

H

H
H

H
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Lecture 28. Diagonalizing the Hamiltonian

What happens if the matrix is not in diagonal form? This might happen, for example, if
the Hamiltonian consists of two terms, ,10 HHH += where









=









=









=

2221

1211

21

12
1

22

11
0

,
0

0

,
0

0

HH

HH
H

H

H
H

H

H
H

The matrix element ε== 2112 HH is called a coupling term because it mixes the
eigenfunctions of H0 (the “zero-order” Hamiltonian) to create a new set of orthogonal
eigenfunctions that are superpositions of the old ones. When it written this way, the
suggestion is that ε is small, but there is nothing so far that requires this. Later we may
choose to make such an assumption, but here we will solve the problem exactly. Our
goal is to find the eigenfunctions and eigenvalues of H.

0
2

1

22

11

2

1

2

1

22

11

=
















−
−








=
















c

c

H

H

c

c

c

c

H

H

λε
ελ

λ
ε

ε

This corresponds to a pair of homogeneous linear equations,

( )
( ) 0

0

2221

2111

=−+
=+−

cHc

ccH

λε
ελ

We have three unknowns and only two equations. The third equation is

12
2

2
1 =+ cc

Let’s try to solve the equations:

( )

( )( ) 0

0

2
2211

222
11

2
2

11

2
1

=−−−

=−+
−

−

−
−=

ελλ

λ
λ

ε
λ

ε

HH

cH
H

c

H

c
c
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In other words, we have to solve a determinental equation

( ) 0=−λHDet

In the 2x2 problem, the equation is

( )

( ) ( )[ ]{ }
( ) ( )[ ]{ }2/122

22112211

2/12
2211

2
22112211

2
22112211

2

4
2

1

44
2

1

04

ε

ελ

ελλ

+−±+=

+−+±+=

=+++−

HHHH

HHHHHH

HHHH

This is an exact result. We can simplify it if ( )22211
2 HH −<<ε

( )[ ] ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( )

( )2211

2

22

2211

2

11

2211

2

22112211

2211

2

2211

2
2211

2

22112
2211

2

2211

2/122
2211

2

2

1

2

2
1

4
14

HH
H

HH
H

HH
HHHH

HH
HH

HH
HH

HH
HHHH

−
−=

−
+=
























−
+−±−=

−
+−=










−
+−≈

−
+−=+−

−

+

ελ

ελ

ελ

ε

εεε

What are the eigenfunctions?

Let’s recast the problem for any Hermetian 2x2 matrix:









=
























=
















xxAA

AA

c

c

c

c

AA

AA

11

2221

1211

2

1

2

1

2221

1211

λ

λ



15

Once λ is known, we can solve for x.

22

21

12

11

2221

1211

,

;

,

A

A
x

A

A
x

xxAA

xAA

−
=

−=

=+
=+

λ

λ
λ
λ

These formulas are necessarily equivalent; use whichever is more convenient.

Numerical example:

Find the eigenvalues and eigenfunctions of 








19

41

Eigenvector for :7=λ

2/3

741

1
7

1

19

41

=
=+








=
















x

x

xx

Normalization constant =
2

13

2

3
1

2/1

=














+

Eigenvector = 








2/3

1

13

2

Eigenvector for :5−=λ 








− 2/3

1

13

2

( )

5,7

61

0361

0
19

41

2

−=
±=−

=−−

=
−

−

λ
λ
λ

λ
λ
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Returning to the two state problem above, define 2211 HH −=∆

You can plug into the two equations for x to get for the two eigenfunctions:








 ∆









∆
=≡−

∆=
−

=










∆−
=≡+

∆
−=−=

−

+

1

/
~

/

1
2

/

1
1

22

21

12

11

ε
ε

ελ

ε

ελ

H

H
x

H

H
x

These eigenvectors are orthogonal. They still need to be normalized. The fraction of stat

mixing is just ( )2/∆ε . If the coupling is weak, or if the states are very far apart, there is
little mixing. The zero-order eigenfunctions (without the coupling term) are









=









=

1

0
2

0

1
1

0

0

This effect is important in spectroscopy, where coupling terms, such as the spin-orbit
interaction or configuration interaction, mix nominal states together, for example, to add
Π character to a Σ state. It is also important in making forbidden transitions become
allowed, by mixing in some oscillator strength into a state that otherwise has the wrong
symmetry (e.g., parity).

Lecture 29. The Coordinate Representation

It is possible to expand a state vector in any complete basis set. Each basis set gives a
unique representation of the state. The basis set itself is a complete set of eigenfunctions

of some operator, ,Â and an expansion in that basis is called the “A-representation.” For
example, expansion in the eigenfunctions of the Hamiltonian is called the energy
representation.

What does the coordinate representation look like?

For any operator, the eigenvalue equation has the form
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aaaA =ˆ

or

( ) 0ˆ =− aaA

The same equation applies to the position operator,

( )
( ) 0

0ˆ

=−

=−

aax

aax

This equation implies that 0=a everywhere except at x = a. At x = a the function must

be infinite so that its normalization integral is finite. Such a singular function is called a
Dirac delta function, and is written as ).( ax −δ It has the following properties:

( ) 00 =− xxδ for 0xx ≠
( ) ∞=− 0xxδ for 0xx =

It has many other very useful properties, including the following:

)()(

)()(

xaax

xx

−=−
−=
δδ

δδ

The reason for this is that )(xδ is an even function. If it were odd, we would have
.0)0()0( =−= δδ

( ) )(
1

)(

)(
1

)(

bx
a

bxa

x
a

ax

−=−

=

δδ

δδ

We can prove this be defining )(xδ as a limit of a well-behaved function:

a
dye

a

dx
e

eax

ex

yxa

xa

x

111

1
lim

1
)(

1
lim

1
)(

//

/

0

/

0

222

22

2

∫∫
∞

∞−

−
∞

∞−

−

−

→

−

→

==

=

=

εε

ε

ε

ε

ε

πεπ

επ
δ

επ
δ
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( ) ( ) )(
1

)( n
n n

xx
xg

xg −
′

=∑ δδ

In this equation, xn are the roots of g(x). It can be derived by writing

)()(

)()()()(

)()()(

nn

n

n

xhxg

xhxxxhxg

xhxxxg

=′
′−+=′

−=

Invoking the previous result and summing over all the roots gives the desired result.

Other properties include:

( ) ( )kkdxe

dkex

aydxaxxy

afdxaxxf

axafaxxf

xx

xkki

ikx

′−=

=

−=−−

=−

−=−
=

∫

∫

∫

∫

∞

∞−

′−

∞

∞−

δ
π

π
δ

δδδ

δ

δδ
δ

2

1

2

1
)(

)()()(

)()()(

)()()()(

0)(

The last equation provides the normalization for a free particle.

How do we transform from a discrete basis to the coordinate basis? Let’s start with the
general procedure. Suppose we wish to expand ψ in a basis set .i We do this by the

usual Fourier expansion technique:

ψψ ii
i
∑=

The quantity ψi is the projection (probability amplitude) of ψ on .i You may also

think of ii as a projection operator and

1=∑ ii
i

as a closure relationship.

Now let’s do this with the coordinate representation:
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ψψ xdxx∫=

The amplitude ψx is the probability amplitude of finding the particle at x. It is called

a wave function, and is written as

ψψ xx =)(

The closure relation is

.1=∫ xdxx

Lecture 30. Recovery of wave mechanics

Evaluation of overlap integrals:

In a discrete representation,

∑∑∑ ==
ii j

iijjii
111 222 ψψψψψψ

In a continuous representation

∫∫∫∫∫
∞

∞−

=′′′−′′′′′′=′′′′′′′′′= dxxxxxdxxxdxxxdxxxdx )()()( 1
*
2222 111

ψψψδψψψψψ

What do operators look like in the coordinate representation? Think of the coordinates as
an infinite square matrix, with indices x ′ and x ′′ . The only non-zero elements lie along
the diagonal, and are proportional to delta functions. That is,

)()()( xxxfxxfx ′′−′′=′′′ δ
This is analogous to saying that in the energy representation the Hamiltonian has matrix
elements .ijijH δ

The matrix element of f(x) for two states, 1Ψ and ,2Ψ is given by

∫

∫∫∫∫
′′′′Ψ′′′′Ψ=

Ψ′′′−′′′′′Ψ=Ψ′′′′′′′′′Ψ=ΨΨ

xdxxfx

xxxxfxdxxxdxxfxxdxxf

)()()(

)()()()(

1
*
2

121222 δ
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The key to unraveling the entire problem is to find the corresponding results for functions
of the momentum operator. To do this we need to know the properties of the derivative
of the delta function, which we obtain by integrating by parts.

)()(

1)(

)0()()(|)()()()(

xxx

dxxx

fdxxxfxxfdxxxf

δδ

δ

δδδ

−=′

−=′

′−=′−=′

∫

∫∫
∞

∞−

∞

∞−

∞
∞−

∞

∞−

We will use this last relation to obtain the matrix element of p in the coordinate
representation.

First, we have to make a crucial assumption. We postulate that [ ] .ˆ,ˆ hipx =
Next we unpeel the matrix element of the commutator:

)(ˆˆˆˆˆˆˆˆ xxixxpxxpxxxxppxx ′−′′=′′′−′′′=′−′′ δh

But xxxx ′′′′=′′ ˆ and .ˆ xxxx ′′=′ It follows that

xpxxxxpx

xpxxxpxx

′′′′=′′′

′′′′′=′′′

ˆˆˆ

ˆˆˆ

)(
)(

)(ˆ)(ˆˆˆˆ

xx
x

i
xx

xx
ixpx

xxixpxxxxxppxx

′−′′
′′∂

∂−=
′−′′
′−′′=′′′

′−′′=′′′′−′′=′−′′

δδ

δ

hh

h

Next we generalize this result for any power of p.

)()()(
2

2 xx
xi

xdxx
xi

xx
xi

xpxxdxpxxpx ′−′′








′′∂
∂=′′′′−′′′









′′′∂
∂′′′−′′









′′∂
∂=′′′′′′′′′′′′=′′′ ∫∫ δδδ hhh

For any power of p,

)( xx
xi

xpx
n

n ′−′′








′′∂
∂=′′′ δh

and for any power series in p,
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)()( xx
xi

fxpfx ′−′′








′′∂
∂=′′′ δh

The matrix element for arbitrary states is given by

∫∫∫ ′′′′Ψ








′′∂
∂′′Ψ=Ψ′′′′′′′′′Ψ=ΨΨ xdx
xi

fxxxdxpfxxdxpf )()()()( 1
*
21212

h

Now finally we can recover the Schrodinger equation. We will use as an illustration the
harmonic oscillator:

xdxxE

xdxxx
k

xdx
x

x
m

Exk
m

p

EEEH

kx
m

p
H

E

EE

′′′=

′′′′+′′








′∂
∂−′=







 ′+

=

+=

∫

∫∫

)(

)(
2

)(
2

1

2

1

2

2

1

2

2
2

2
22

2

2
2

ψ

ψψh

Equating the integrands gives

)()(
22

2
2

22

xExx
k

xm EE ψψ =







+

∂
∂− h

These results can also be derived in the momentum representation. The wave function
for a state with definite p is given by

pxeex xpixik
p ′′=== ′′′ h

hh

/

2

1

2

1
)(

ππ
ψ

We can derive all of the equivalent results in the momentum representation:

)()ˆ(

)(ˆ

)()()ˆ(

ˆ

pp
p

ifpxfp

pp
p

ipxp

pppfppfp

pppp

′−′′








′∂
∂=′′′

′−′′
′∂

∂=′′′

′−′′′=′′′

′′=′

δ

δ

δ

h

h


