Lecture 24. Hermitian Operators

What properties must operatorsthat correspond to observables have? For oen thing, we
want its eigenvalues to be all real. We will show that Hermitian opeators have the desired

properties. Definition: An operator Ais Hermitian if

[ 1" (Ag)ir =[ (Ar ] ooz

Example: A= —ihi
adx

0

If [ |h—jdx— ~inf"g|” +|hI—gdx I[ |hdfjgdx
Inthefirst step we integrated by parts:

u=f",dv= —ihd—gdx
dx

du= idx,v =-ihg
adx
In the second step we assumed that f and g vanish at + oo,

Properties of Hermitian operators:

1) Their eigenvalues are real.
Let f =g ,and g=¢, beeigenfunctionsof A. Then the Hermition property of A

tellsus that
(m[Am) =(n|Am)
But by assumption,

n)=a,|m)

> >

m) = a,|m)

ol

It follows that
a,(m[n) =a(n|m)

Form=n, a, =a,.



Note: (n|n)= [y, dr =(n[n)

Eigenfunctions belonging to different eigenvalues of a Hermitian operator are
orthogonal.

(m|Am) =a, (m|n)
<“*|54m>* =a,(njm) =a,(mn)
Note: <n|m>* = “l/l;l//mdl'] = I(//;]l//ndr =(m/n)

But (m|An) = (n|Ajm)

Therefore:
(a, - am)<m| n)=0
m|

a,#za, =(mn)=0

2) If A and B are Hermitian and do not commute, then [A, é]: iC, where é IS
also Hermitian.

claim: [ ABair = [(Ay) Bodr = [ (BAy) g
Therefore, [y (A8~ BA)air = [[[BA- ABJy] air
Jo [ABlar = [[8.Ay] i =-[[ABy] e
set |AB|=iC
Therefore,
[wiCar=-[(Cy)mr=i[(Cy)ar
Iw*émjr :I(éw)*WT
It follows that é IS Hermitian.

Examples:
[%, B =in
[C,.0,|=inL,



We can use these theorems to derive the Uncertainty Principle.

Definition of the uncertainty:

(o =)~y

Can AA=07? Yes, for an eigenstate!

Can AA=AB=07? Let [A,é]:ié. We will prove that

AATDB > 1‘<C>‘
2
The proof is based on atheorem known as the Schwarz inequality:

[If[arcf|f[dr=|[ " gdr

‘2

The equality holdsonly if f [0g. A simple geometric interpretation of this inequality is
based on the “angle” between two state vectors:

Choose:
Schwarz’' inequality tells us that

(0aY (a8Y 2| [u (A= ()& - (B) i

Prove the following:

where



Also prove that F is Hermitian.

It then follows that
Jor (A-(A)B-(B)ur =(F)+ S (c)
where (F),(C) are both real.

The absolute value squared of thisintegral is

Q.E.D.



Lecture 25. Matrix M echanics

State vectors
Basis set:
1
0
0
D=|0|,
0
0
O
0
1
0
12)=|0
0
0
O
0
0
1
13)=|0
0
0
O
Addition of basis vectors:
1 0 1
0 0 0
+ =
0 1 1



Scalar multiplication of basis vectors:

1 a
0 0
a =
0 0
0
State expansion:
1 0 0 a
la)=>ali)=a, _|+a, (1) +a,| |+ Zz
i 3
O
Vector addition:
a,) (b)) (a+h
a)elo)=| 22 |+ 2 =] 27
3 b3 a3+Q
O O O
Scalar multipluication:
& Agy
Aay=24 2 |=| 2%
a; | | Jag
O O
Dual or adjoint vectors:
O
; .
O . L * * *
&)’ ={Sali) =i 2 % =k & 2
i 1 3
O

Note: Thesymbol for an adjoint isa dagger, but because| don’t have that font, |
used [ instead.



Orthonormality: (i| j) =,

1
1 0 0)o|=1
0
0
1 o0 0)1|=0
0
Dot product:
a
(bla)=(o; b b)a,|=ba +ba, +ba,=>ba
a, |
Normalization:
31

<a|a>:(a; a, a,)a, :Z|ai|220.

3

» @D

Lecture 26. Matrix Representations of Linear Operators

A linear operator isalinear vector transformation: T|a) =|b)
Consider the clockwise rotation of a vector in the xy plane by an angle & .

~ (1) ( cosd
Ao/ ona)
~ (0} _(sin@
R J_(cos&j

g, aij _ aili{éj+azli{(1)j :( a, cosd +a,sind j

a, —-a,snd+a, cosd

Thislast result promptsusto write ﬁgasamatrix:

~ (R; R,) (cosf d€né
Rﬁ'[Rﬂ sz'(—sne cosej



Transformation of a basis sate:

SR R

RORR Rt
Ryln) = 2R
Transformation of an arbitrary state:
RJ3)=R Tai)=Ta Ri}=Ta[ TR 3| SRa, [)=Tai 6
h=3Ra

Successive operations. C=BA
Let
=Xt
Af)=lg)=> gl
Blg)=In) = Zhli)
But we aready proved that
h, :Zk:Bikgk
9k :Zj:'%gi

Putting the pieces together,

h =S BAf,
=] S8A [ =Sh)
But it is also true that

W=80)=S1el)=51% 6 i=5 Te [)=Sni

Equating these two results,



et =3 Taa
C, —;BikAq-

Thisis matrix multiplication.

How do we calculate A;;?

Ai) =2 Aulk)

(A= Al =2 Al =T A8, = A
It follows that

=(i|Aj)= ¢ Ap,dr

Lecture 27. Hermitian M atrices.

Left and right operations:

Compare <a|[ﬁ,54 b>):jl//; (A(//b)dr with (<a|A)[|]b> :I(Awa)*wbdr. Arethey equal?

Not necessarily! For this reason we define the Hermitian adjoint of A

[(Aow, ) w.dr = [, (Ag, Jir
What are the matrix elements of A”? Look a how it operates on the basis functions, @ .
By the definition of the adjoint,

[(A°) gz = [ (Ag Jor

By the definition of a matrix operator,

W)= LA



The LHS of the integral therefore gives
(Wl par=[|Saq | adr=3 A%(]i)=A7

The RHS of the integral gives
[dAgdr= gy Agdr=3 Alill)=A
I I

Conclusion:

where we have defined the transpose of A:
At] =A;
[lustration:

(A A A
= A An Ay

Ay Ay Ay

All A;l A;l

=l A A A

As As Ay

Definition: A Hermitian operator is self-adjoint: A= A"

The third theorem that we proved above is that

gl ={Ad

where A and B are Hermitian. The commutator of two Hermitian operatorsis Hermitian

only if it iszero. On the other hand, you can prove that the “anti-commutator” is always
Hermitian,



Some simple examples of Hermitian operators.

Hamiltonian for the harmonic oscillator (for 3 levels):

1/2 0 0
H=tw 0 3/2 0
0 0 5/2

Angular momentum operators for | =1

N -%(IZ+ + [_)
I:y :%(I; _I:—)

S0 let’s investigate the ladder operators.

We know that

A

L,lm) = I1(1 +2) -m(m+1)7|l,m+1)
L_[Im) = /I(1 +1) - m(m-2)7|l,m-1)

It followsthat for | =1,
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010
L, =250 0 1
00 0
000
L. =v231 0 0
010

where the rows and columns are labeled in the order m=210,-1.

It now follows that

010
~ 2h
LX:L 1 0 1
2
010
0O -1 O
~ 2h) . .
Ly:L i 0 =i
2 .
0 1 0

Examples of non-Hermitian operators are I:+ and L_ They are in fact Hermitian adjoints
of each other:

If*l;gdrzff*I:ngr+iIf*I:ygdr
(€] gar=[(C, ~it, ]t ) adr =[(C, 1) gdr +i[(C, ) gdr = 1", qdr+i[ £C,gdr

Having identified the matrix representation of an operator, we next inquire after its
eigenvalues and eigenvectors. The simplest case isthat of a diagonal matrix.

Consider atwo state problem with the Hamiltonian

Clearly,

12



L ecture 28. Diagonalizing the Hamiltonian

What happens if the matrix is not in diagonal form? This might happen, for example, if
the Hamiltonian consists of two terms, H = H, + H, where

H, O
0 H,)/
Hl—( 0 lej,
H,, O
H :(Hn lej
Hy Hy

The matrix element H,, = H,, = ¢ iscalled acoupling term because it mixes the

eigenfunctions of Hy (the “zero-order” Hamiltonian) to create a new set of orthogonal
eigenfunctions that are superpositions of the old ones. When it written thisway, the
suggestionisthat £ issmall, but there is nothing so far that requires this. Later we may
choose to make such an assumption, but here we will solve the problem exactly. Our
goal isto find the eigenfunctions and eigenvalues of H.

H, € )¢ ) C,
& H, NG - C,
H,, —A
A
£ H,-A)c,

This corresponds to a pair of homogeneous linear equations,

Ho =

(Hll _/])Cl tec, =0
20 +(H22 _/])Cz =0
We have three unknowns and only two equations. The third equation is

13



In other words, we have to solve a determinental equation
IDet(H - 1) =0
In the 2x2 problem, the equation is

X _/](Hll + H22)+ HyHy, +4¢” =0

A :%{(Hn + HZZ)i[(Hll + sz)2 —4H,H,, +4£2]l/2}
1

e GRS

Thisisan exact result. We can simplify it if £2 <<(H,, —H,,)"

12 4£? 2&?
R e e
2&°
=(Hy ~Hp )+ ———
" “ (Hll_HZZ)
1 2&°
=—|(H,,-H_)x|H ,-H
A 2( 1 22)"{ 1 22+(H11—H22) H
£2
A, =H, +
" (Hll_HZZ)
£2
A=H , -—+———
“ (Hu_sz)

What are the eigenfunctions?

Let’s recast the problem for any Hermetian 2x2 matrix:
Ail A12 Cl _/] Cl
(Am Azzj(czj_ (Czj
A A\ (1
(Aa Azzj@' @
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Once A isknown, we can solve for X.

Ay + ARX = A,
Aoy + ApX = AX;
— A-Ay
A,
_ A
A=A,
These formulas are necessarily equivalent; use whichever is more convenient.

X

Numerical example:

1 4
Find the eigenvalues and eigenfunctions of (9 J

Eigenvector for A =7:

1/2
Normalization constant = {1+ [gﬂ = @

2

. 2 1
Eigenvector = —
9 V13 (3/ Zj

. 2 1
Eigenvector for A =-5; —
J V13 (— 3/ Zj
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Returning to the two state problem above, define A=H,, - H,,

Y ou can plug into the two equations for x to get for the two eigenfunctions:

« _A-H, __¢€
" Hy, A
(1
==l
X = Ha :é
 A-H, ¢

1 elA
)=12=| o)~
Ale 1
These eigenvectors are orthogonal. They still need to be normalized. The fraction of stat
mixing is just (‘slA)2 . If the coupling isweak, or if the states are very far apart, thereis
little mixing. The zero-order eigenfunctions (without the coupling term) are

This effect is important in spectroscopy, where coupling terms, such as the spin-orbit
interaction or configuration interaction, mix nominal states together, for example, to add
M character to a = state. It isalso important in making forbidden transitions become
allowed, by mixing in some oscillator strength into a state that otherwise has the wrong

symmetry (e.g., parity).
Lecture 29. The Coordinate Representation

It is possible to expand a state vector in any complete basis set. Each basis set givesa
unique representation of the state. The basis set itself is a complete set of eigenfunctions

of some operator, A, and an expansion in that basisis called the “ A-representation.” For
example, expansion in the eigenfunctions of the Hamiltonian is called the energy
representation.

What does the coordinate representation look like?

For any operator, the eigenvalue equation has the form

16



or

The same equation applies to the position operator,

(x-a)a)=0
(x-a)a)=0
This equation implies that |a> = Qeverywhere except at x = a. At x = athe function must

be infinite so that its normalization integral is finite. Such asingular functioniscalled a
Dirac delta function, and iswritten as d(x —a). It hasthe following properties:

d(x=x,)=0 for x# x,
d(x=x,) =00 for x=x,

It has many other very useful properties, including the following:

o(x) =90(-x)

o(x—a)=9J(a-x)
The reason for thisisthat o(x)isan even function. If it were odd, we would have
0(0)=-4(0)=0.

d(ax) = éa(x)

d(a(x-b))= éd(x— b)

We can prove this be defining J(x) asalimit of awell-behaved function:
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1
o =3 (X -
(9(x) Zn o) (x-x,)

In this equation, X, are the roots of g(x). It can be derived by writing

9(x) = (x=x,)h(x)
g'(x) =h(x) + (x=x,)h'(X)
g'(x,) = h(x)

Invoking the previous result and summing over all the roots gives the desired result.
Other properties include:

xo(x) =0
f(x)o(x—a)= f(a)d(x—a)
j f(x)o(x-a)dx = f (a)

ja(y— X)3(x —a)dx = (y -a)

1%,
I(x) =— | €dk
(%) zn_[,

15 i(k—k')x '
— | € dx =o(k -k
o I (k-k)
The last equation provides the normalization for afree particle.

How do we transform from a discrete basis to the coordinate basis? Let’s start with the
general procedure. Suppose we wish to expand |¢¢) in abasis set |i). We do thisby the
usual Fourier expansion technique:

V)= Sk

The quantity (i|¢) isthe projection (probability amplitude) of |¢)on |i). You may also
think of |i)(i| asa projection operator and

i)l =1

as a closure relationship.

Now let’s do this with the coordinate representation:

18



= J[X)ax(x|a)

The amplitude (x|¢) isthe probability amplitude of finding the particle at x. It is called
awave function, and iswritten as

w(x) = (x|g)

The closurerelation is

JIx)ex(x| =
Lecture 30. Recovery of wave mechanics

Evaluation of overlap integrals:

In a discrete representation,
(elw.) = X li)

In a continuous representation

W.lv.)=

What do operators look like in the coordinate representation? Think of the coordinates as
an infinite square matrix, with indices x'and x" . The only non-zero elements lie along
the diagonal, and are proportional to delta functions. That is,

y

1//1>:Z<4U2|i><i

[Tl xnax (x| x)dx (X |, ) = [[ (@, | x")ox" 3(x" = x)dx'(X |, ) Iwz(x)wl(x)dx

<x"| f (x)|x'> = f(X')o(x = x")
Thisis analogousto saying that in the energy representation the Hamiltonian has matrix
elements H;J;.

The matrix element of f(x) for two sates, |W,) and |¥,), isgiven by

(W, |f(x)|W,) = ”(LPZ | x")ax" (x| f (x)[x )X (X' | W, ) = ”(LPZ [ X")ax" f () I(X' = x")(x'| ¥, )
= W, () f (X)W, ()"
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The key to unraveling the entire problem is to find the corresponding results for functions
of the momentum operator. To do this we need to know the properties of the derivative
of the delta function, which we obtain by integrating by parts.

]o f ()3 (X)dx = f(X)S(X) [ _], f'(x)3(x)dx = - f'(0)

]oxd’(x)dx =-1
;<w5’(x) =-9J(X)

We will use this last relation to obtain the matrix element of p in the coordinate
representation.

First, we have to make a crucial assumption. We postulate that [f( f)] =in.
Next we unpeel the matrix element of the commutator:

(X"[%p = pX|x') = (X"[%B|X) = (X" | P} X} =iAd(X" = X

But (x"[%x=(x"|x" and Xx')=x/|x). It follows that

(X'|%p = PXX') = (X" = X)(X"| f|X) =ihd(X" = X)
(X" p|x >_Ih—5(x"—x)_ |ha—5(x" X)

!

Next we generalize this result for any power of p.
(x |p2|x>:j<x | p| X" )dx" (X" | p| X') [ ]5( [——jé(x - X)dx :[TOTJ I(X" = X)

For any power of p,

" n,_ﬁin "
<X|p|x>_[idx"] (X" = X)

and for any power seriesinp,

20



h d
X"If(p)x)=f| -—— |0(X"—X
(<) = [ 22 a0 )
The matrix element for arbitrary statesis given by

” n II
dx

(W, [T (p)|wy) = [[(w,

[ (Pl )ee(x] ) = [0 0001 22wy oeae

Now finally we can recover the Schrodinger equation. We will use as an illustration the
harmonic oscillator:

2
H :p—+£kX2
2m 2

H|E)=E[E)

p2 1 12 — 1 ! 2
[%T« j|E>—%I|x>[—h
= Ej|x’>¢/E(x’)dx'

Equating the integrands gives

az 4 ! k 1\ 12 ’ I}
aX,Z}/IE(X)dx +§j|x>x e (X)dx

" k., )
[ %W*‘EX jl/’e(x)—Elﬂe(X)

These results can also be derived in the momentum representation. The wave function
for a state with definite p is given by

"= e =)
2 T

We can derive all of the equivalent results in the momentum representation:

W, (x) =

B[P’} = p|p)
(p"[f (P p")=f(p)(p" - p)

oD
n ’:h—5 II_ 1
(p"|X p) =i o0 (p"-p)

e ot — (e @ Varw
<p|f(x)|p>—f(lhap,j5(p P
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