Lecture 21. Introduction tothe Hydrogen Atom
Simple estimate of the eigenvalues:
a = radius of the electron’s orbit

Condition for standing waves. nA =2ma

De Broglie condition: p = ; = =
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Now let’s solve for the energy eigenvalues:
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Using the virial theorem,
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Define the Bohr radius,
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We get for the energy eigenvalue
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Now let’s get the exact solution. The Hamiltonian is given by

H=-
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Thefirst temisthe radial kinetic energy. The second is the centrifugal energy, which
creates abarrier. The last isthe potential energy.

Invoke separability:
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Making the substitution,
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Before solving this equation, let’s look at its asymptotic behavior:
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This equation has the form
R'=c’R
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The asymptotic solution is
R(r) ~ Ae*™™

where c looks like the reciprocal of the deBroglie wavelength.

For afree particle, E > 0, and

R(l’) = A +i(24E)Y?r I

For a bound particle, E < 0, and only the negative sign is meaningful:

R(r) = A HENn



To get the complete solution, let’s first convert to dimensionless variables. We are given
E (which we will assume to be negative), and we already defined a&. Let'sdefinea
parameter n (not yet an integer), by the expression
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We define the dimensionless variable

R(r) transformsinto G(x), which satisfies
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The asymptotic behavior is
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Let’slook for solutions of the form
G(x) =u(x)x'e™?
After alot of algebra,
Xu"+(2+2=-x)u' +(n=-1-Du=0
Compare this with the associated Laguerre Equation:

xu"+(B+1-x)u' +(a-L)u=0,



were g and [ areintegers.

We make the identification

L+1=21+2
a-F=n-1-1
or

L=2+1
a=n+l

The solution is

u(x) = LE (%) = L27(x)
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nisapositive integer, and | ranges from 0 to n-1.
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Properties of Laguerre polynomials:
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Normalization and orthogonality:

[Ri(NRy(N)redr =0,

No statement is made about orthogonality of radial wave functions with different |
guantum numbers, but the orthogonality of the spherical harmonics takes care of that.



The eigenvalues are
Z%e?
B 2n’a,

E =

n

Recall that previously we defines a parameter n so that the above relation is correct. At
that point n was simply ascale parameter. Later the Strum-Liouville condition informed
usthat nis an integer, thereby quantizing the energy.

Noting that E, does not depend on | or m, we conclude that the degeneracy is
g, =1+3+5+..+2n-1=n?

This does not include spin.

The differences between the eigenvalues give the transition energies.
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Ry isthe Rydberg constant for the H atom. It equals its ionization potential (0.5 a.u.)
expressed in cm™.

Various series of transitions result by fixing n; and looking at a progression of n, values.

Letny=nandn,=n+s.
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n=1 Lymanseries
n=2 Balmer series
n=3 Paschen series

The lowest ground state transition of the H atom producesthe Lyman a line:
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p) 4



Lecture 22. Propertiesof the Radial Wave Functions

Where is the probability density greatest? At the maximum of |R, |2'

Example: 1s |R,|” ~e™?*'® hasamaximumat r = 0.

2s: |R |2' ~ 1—£ e 242 has a maximum at rzzilo.
2 2a z

0

Thisis not the same thing as asking what is the most probable value of r. That quantity is
found by solving the equation

%ﬂRmf'rz}:O

Here isasimple shortcut: The maximum occur at the same values of r that rR,, reaches
amaximum.

Example: 1s
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A cleaner way of solving this problem is to define the reduced variable
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For the 1s problem,



Another example: 3d

What is the expectation value of r?

Example: 1s state.
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Verify the normalization.
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What is the transition probability? It is proportional to the square of the integral
(n,l,m; [ZCE|n,1,m,) . Here we will consider only the radial contribution, with the radial

part of the dipole operator proportional to r. Then transition matrix element for the 1s-2p
transition is
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This method is very useful for calculating selection rules and relative transition strengths.
Spatial properties of the Wave Functions

What effect does | have on the motion of the electron? The classical (Kepler) orbit of a
particle subject to an inverse square force,

Kk
F= _I’_2
Kk
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Is an ellipse with semi-major axis a and semi-minor axis b.
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For energy E, we find that

k
a=-——
2E
2
b= i
LK
Verify that this value of a is consistent with the equation for E,, derived previously.
2 2
The maximum value of L occurs when il —LZ or L— =a. Inthiscase, b= a, and
a a

the orbit isacircle. AsL getssmaller, the orbit becomes an ellipse, with greater and
greater eccentricity. The nucleus lies at one focus of thisellipse. For L = 0 (impossible
classically), the electron passes through the nucleus, and for small values of L it passes
very close to the nucleus. Such a close encounter is essential for absorption of a photon.



Lecture 23. Hydrogen Atom Transitions
Angular contribution to thetransition probability:

The transition dipole operator is given by

[i(E =e(r SnGcos¢E, +rsin@singE, +r CoseE,).

We wish to calculate the matrix element (I,m; |2 (E|l,m,) term by term,
Recall that Y,, 0 P"™ (cos)e™
Letslook at the ¢ part first. For the E; term, the relevant integral is
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Thisintegral vanishes unless m; = .
Now look at the E, term. Recall that

cos@= %(e‘“‘ - e‘w’)

The first exponential leadsto the integral
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The second exponential leads to the integral
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The E, term gives the same resullt.

Now look at the & part. Recall the recursion relations

XR"(x) = coseR™ (cos6) = 2|%1{(1 - Im[+1)R +(1+ [ m)Re
V1-x*P"(x) = sinR™ (cosd)
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Look at the E;term. Theintegral of interest is

[ R™ (cos8) costR,™ (cose) sin @6 = [ ™ (x)XR™ (x)dx
0

0
The first recursion relation tells us immediately that |, =1, +1.

The Ex and Ey terms don’t give any more information, but it is hard to usethe sin&
recursion relation.

Now let’s ask what physical situations the various selection rules pertainto. Thisis
related to how we define the z-axis.

Plane polarized light: The radiation travels in the x-direction and the electric vector
points along the z-axis. In this case the selectionruleis Am=0,Al =1

Suppose the light is circularly polarized. Inthis case, the light travels in the z-direction
and the electric vector rotates in the x-y plane.

E, =Ee“
Ey — Eoei(aiiﬂ/Z) :iIEX
E, =0

For right circularly polarized light, E = E,rsin G(cos¢+ isin ¢) =E,rsin&?

21T
Therelevant integral is Iei("‘z‘”‘l+l’¢d¢3 m,=m -1
0
Now we can use the sin @ recursion relation to derive Al = +1.

For left circularly polarized light, E = E,rsin G(cos¢—i sin ¢) =E,rsine ¥ and we
deduce Am=1Al =+1

The underlying physical basis for this is that the photon carries an angular momentum
equal to one unit of 7.
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M agnetic Effects

Magnetic moment of an electron current in an atom: 7 = |An
Energy resulting from that moment interacting with a magnetic field: E; = -z (B

What isthe current for acharge Q? | = Q._Q _

Theareais A=7? giving A= QP
2 2m

The magnetic moment for orbital motion is

=9 _Qp__ ey
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Bohr magneton: 1/, :21 JTeda
7,
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It followsthat 4, = pz+/I(1+1) and = HgM

The magnetic moment for spinis 7, = —gSZL§
7,

e

The Lande g-factor: g =2
The Hamiltonian for an H atom in a magnetic field:

H= Ho _(ﬂl "‘ﬂs)[E = Ho _(:uslh)Bz(I:z + gséz)
What are the eigenvalues of this Hamiltonian?
E=E, - 4,B,(m +g,m,)

The magnetic field liftsthe m degeneracy. Thisis called the Zeeman effect.
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Electric field effects:
E, = —€f [E = —ezE, = —€E_r cosf

In this case we cannot simply say what the eigenvalues are without first solving the
Schrodinger equation. One approach isto use perturbation theory. The lifting of |m|
degeneracy by an elcctric field is called the Stark effect.
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