Lecture 26: First Order Phase Transitions

A first order phase transition (in a single component system) is characterized by a
discontinuity in one or more state variables.

Example of water at 373.15K and 1 atm:

Property Liquid Gas
Molar volume, V 0.018 L 30.62 L
Molar enthalpy of —283.44 kJmol —242.56 kJmol
formation, AH; m
Molar entropy of formation, | 79.83 Jmol/K 186.60 Jmol/K
ASim

Molar heat capacity, Cpm | 77.06 Jmol/K 33.58 Jmol/K
AUt m, AAtm

Verify these numbers.

Enthalpy of vaporization = —242.56+283.44 = 40.88

Entropy of vaporization = 186.60 — 79.83 = 106.77

Table 4.2: 40.7 kJ/mol

Table 4.2: 109.1 kJ/mol/K

A. Multiple minimain g

=40,700/373.15 = 109.1
Q. What is the cause of a phase transition?

Thermodynamic potential —>
[wa

Figure 26.1 Dependence of G, on
an extensive variable, such as V.
The slope isan intensive variable,
such as the pressure, which
provides arestoring force that
drives the system towards a
homogeneous equilibrium state.
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Explanation: This might be, for example, a plot of G, vs Vi, for water at constant T. The
minimum point at B represents the molar volume of liquid water, and that at A isV, of
water vapor (which lower density). The only point on the graph that actually existsin
nature at this temperature isthe minimum at A. The difference between the two minima
iS AGmmating. 1T SOMe dropplets happen to form at B, they vaporize spontaneously
because AGmvaporizaion 1S Negative.

Minimum A is stable, minimum B is metastable.
A random fluctuation might temporarily reach B.

Q. How can the phase transition A — B occur spontaneously?
A. One way isto reduce the temperature until minimum B is lower than A.

Note: If we cool slowly enough, the system might remain trapped in A for awhile.

Example: crystallization out of a super-cooled liquid.
See Figure 2, where X =V,

Figure 26.2 Plot of chemical potential
vs. molar volume, illustrating a phase
transition, as the temperature is reduced
fromT,to T1. At T4, the vapor phase,
A, is more stable than the liquid, B. At
T3, A and B are in equilibrium, and at B
Is more stable.

i
'\/J
. T
v\/13
\/\/Ttr
B
A

Vim

Q. What happens if the barrier between the two minimais very large?

A. Phase A becomes metastable.
Example: diamond — graphite.
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. How does i vary with T?
dG = —-dT + VdP
A: For asingle component system,

du = —SndT + VidP
)
T ),

It follows that i« always decreases with temperature.

This slope is necessarily negative.

Saiid < Siquid < Sgas = as the temperature increases a material first melts and then boils.
(Depending on where the curves in Figure 3 cross, it possible for the solid to go directly
to the vapor phase.)

Figure 3 shows the value of the minimum of x vsT.

(At each T, the three plotted points correspond to adifferent isotherm in Figure 2.)

A phase transition occurs when Au < 0.

The equals sign denotes equilibrium.
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G—>

Figure 26.3 Phase transition from solid to liquid to gas.

)
oP );

A. It follows that 1« always increases with pressure.

Q. How does i vary with P?

Usually, Vmsiid < Vmjiqid
Always, V mjiquid < Vm,gas

It follows that compressing a gas liquefiesiit.
Explanation: Because V mgas IS greater than Vmiquid, (gasiNCreases with pressure more
than does piquia. 1 P is large enough, rugas Will exceed puiqua. When this happens, AGy, for
condensation becomes negative, and the process becomes spontaneous.
Compressing a liquid usually freezesit. (Exceptionisice.)

Lecture 27. “Topography” of a phase transition: the phase diagram.
The phase diagram is a map showing the regions of T and P (or any other suitable pair of

intensive variables) where different phases are the most stable. The boundaries between
“countries’ denote equilibrium between phases.
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We will prove later that for a single component system, no more than three phases can be
in equilibrium.

I Figure27.1 A

“typical” phase
diagram.
D Tp
c \r,
A B \/\/ TB

P>
G—>
i

T—> V—>

Note the boundaries of co-existence of two phases,
The triple point of co-existence of three phases, and the critical point where two phases
merge into one.

Along curve ABCD, the liquid and vapor are in equilibrium, but the barrier falls until the
two phases merge at the critical point, D.
We can think of this map in two different, but equivalent ways.

1. Graph of vapor pressure vs. temperature.

2. Graph of boiling temperature vs pressure.

Slopes of the boundaries on a phase diagram

The boundary between a gas and a condensed phase:

1. Sisawayspositive = u vs T aways has a negative slope.

2. Smgas> S condensed = the slope of 1 vs T is always steeper for the gas.

3. Vmgas > Vmcondensed = the temperature of vaporization always increases with
pressure, giving a positive slopeof PvsT.
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Chemical potential, p

High \‘

;)
pressure \\ \

Chemical potential, p

(b)

T
Temperature, T

Figure 27.2

(a) Vm,condensed < Vm,gas
The figure also applies for
Vmsalid < Vmjliquid

The result isthat the transition
temperature increases with P,
making the phase boundary slope
to theright.

(b) Vm,solid < Vm,quuid

The result isthat the transition
temperature decreases with P,
making the phase boundary slope
to the left.
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The boundary between a gas and a condensed phase:

Points 1 and 2 still hold.

3. Vmiiquid 1S usually greater Vm iia = the temperature of melting usually increases with
pressure, giving apositive slopeof PvsT. Butis

But, if Vmjiquid 1S less than V m «ig (as for water), the P-T slope will be negative.

Lecture 28. Quantitative properties of a phase diagram

I Figure28.1
At any two points of equilibrium, A and B, on the
boundary curve,

_ [}
Ha = Ly
State B’ — !
State A 'LIB N 'LIB
State A’ p r
U g = Hp = g — Up

T State B

But

U — H, = —S,dT+V, dP

Uy = 1, = =S, dT+V,dP

0-S dT +V. dP =-S dT+V'dP
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The Clapeyron Equation:

dP — Sh— S — —_— — AH e

dT V! -V. AV TAV

m,vap m,vap
Boundary between a gas and a condensed phase:
ASy>0,AV,y>0
P-T slopeistherefore positive.

AV = Vingas = ZRT/P

dP _  AH,
dT  T(zZRT/P)

dP _AH_ dT

P ZR T?

dinP __AH,
dW/T)  zR

Slope of InPvs 1/T gives —AH/Z.

For constant AH, and Z=1, we get the Clapeyron-Clasusius equation:

Pl _AHL (1 1
I:)l R T2 Tl
AH
Pexp ——
RT

If we choose T; to be the boiling point at P; = 1 atm, then
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AH
RT,
P=e ™e

~OH,,
RT

The solid-liquid boundary:

S/liquid > Sm,solid
If Vimjiquid > Vmsolids the P-T slope is positive.
If Vimliquid < Vmsolids the P-T slope is negative.
Treating both AH,, and AV, as constant,
BdT
I3

AH
AV

m T,

I:)2
j dP =
Pl

AH

T2
AV, T,

Problem: A sled is equipped with two runners 1.5 m long and 4 mmwide. What isthe
minimum weight of the sled (plus cargo) if it isto run on aliquid layer above the ice at
—4%

In

Pz_P1:

dP _AS.
Answer: aT Avm

AP = 250 AT
AV

m

But we aso know that AP = mg/A, where A is the contact area of the runners.
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Problem: The boiling point of water on the top of a certain mountain is 90°C. How tall

Is the mountain?
(Assume T=280 K at the mountain top and a molar mass of 28 for air.)

Answer: First calculate the vapor pressure of water at the mountain top.

P=exp - 40,700 t 1 = 0.697atm
8.31452\ 363.15 373.15
Next, use the barometric formula,
— ~—Mgh/RT
P=eg™
h=—"%| —-—|=3.06km
Mg (T, Ty

How can we calculate the temperature and pressure of a phase transition, given only the
equation of state?

We have a stability criterion that tells usthat certain conditions are unstable:

[ oP >0

v, ).

X
[

Figure 28.2 Van der Waals
Eq. of state and itsinverse.
Notethat the inverseis
multi-valued.

y—

v(P)

FIGURE 9.9

The unstable region is between F and M. Where exactly does the phase transition occur?
What isthe value of V,?
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We calculate pu(Vm) for afixed T, using point A as areference:

PB
Mg = Hp T ij(P)dP
PA

Figure 28.3 Calculation of the
chemical potential for a van der Waals
gas.

We find that x(p) increases between P and Pg, decreases from P: to Py, and then
increases again. The equilibrium state is always on the lowermost branch of x(P). The
phase transition occurs a points D — O, where Pp = Po and Vm has a discontinuity.

Figure 28.4 The phase
transition occurs aong
line DKO, with areas |
and Il equal. Point D is
avapor, and point O isa
liquid. Point K doesn't
actually exist.

N —

v ——

What is the value of the transition pressure?
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#(Po) = u(Po)

JVn(p)dP =0

D-0O

P Pq Py P
Na(PYdP + [V, (PP + [V, (P)dP + [V, (P)dP =0
P P Pq Py

F)FfVm(F’)O'F’ -Pij(P)dP :Pivm(P)dP —PTVm(P)dP -0
"o Pk Py Pu

This equation shows that the two areas are equdl.
The Lever Rule
The points along the “tie line” OKD exist only in an average sense.
<Vm>=XpVmp + XoVmo

Xp = mole fraction of the vapor = Xiiq
Xo = mole fraction of the liquid = Xvap

(Xliq + Xvap) <Vp>= XquVm,qu + Xvame,vap

Xiiq |.<Vm> _Vm,lqu = Xoap |.Vm,vap B <Vm >J

Xliq :Vm,vap _<Vm>
Xp (Vo) =V

vap m m,liq

V isdiscontinuous; <V > is continuous.
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T

Figure 28.5 Temperature dependence of
the phase transition. The lowermost curve
corresponds to the triple point.

)

T

P—

Lecture 29. Phase diagrams. A quantitative example; external pressure and surface

tension

The following are the physical properties of benzene, collected from various tables.

Boiling point = Ty, = 80.1 C=353.25K
Melting point = Ty = 5.5 C = 278.65 K

Density of liquid = piiq = 0.879 g/om®
Density of solid = psy = 0.891 g/cm’

Triple point: T;=550C=278.65K
P. = 36 Torr = 4800 Pa

Critical Point: T, =562.7 K
P.=48.6 am
Vine = 260 cm’/mol
Z.=PNVmdRT:=0.274

AHm,fus = 10,600 J
AHmyep = 30,800 J

Surface tension =y = 28.88 mN/m
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Let’s sketch out the phase diagram.

Vmiiq = 78/0.879 cm®/mol = 8.874 x 10~ m*/mol
Vs = 78/0.891 cm®*/mol = 8.754 x 10> m*/mol
AV = 1.195 x 10°° m*/mol

Equation of solid-liquid boundary:

dP — AS’n,fus — AH m, fus — 891)(109

dT AV TAV T  pakK?

m m

P-P, =8.91x10° InTl

t

eg., T=6.0C=279.15K = P=1.6 x 10’ Pa= 157 atm

Solid-vapor boundary:

InE AHmsub i_i
P R T T

t

AHm,ng = AHm,fus + AHm,Vap = 41,400 \J

InE =17.8692-4979/T

t
eg., T=50C=27815K = P=0.9684 P, = 34.86 Torr

Liquid-vapor boundary:

AH
InE o i—% =13.31656-3704/T

P R T

t

eg., T=60C=279.15K = P=1.0241 P, = 36.87 Torr
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Estimate of the normal boiling point:
Set P=760 Torr and solve for T: Find Ty = 361.6 K
Question: What is the effect of external pressure on the vapor pressure?

© At equilibrium, piiq = pvap. At constant T,

RTd P
d,uValo :levadevap = —P
vap

dluliq mllquI m |quP

AP,

Jlig

P
RTIN—-2 =v_
P

vap
Vm,liqAPext
*
P=Pe X

P isthe vapor pressure of the liquid without any external pressure.
Example: What is the vapor pressure of benzene in an atmosphere of 100 atm of helium

at itsnormal melting point?

Pap _ VimiqPee _ 8.874x107° x1.01375x10"

In—= = =0.4227
P, RT 8.31451x278.65
Puap = 54.94 Torr
Surface Tension

In order to lower its energy, aliquid spontaneously altersits shape so asto maximize the
number of molecules in the condensed phase.

The work done do distort the surface area, o, at constant volume and temperature, is
given by

dw = ydo
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y isthe surface tension, having units of ¥n? = N/m
dW isthe change in Helmholtz free energy, dA.
The pressure inside adroplet increases as aresult of the surface distortion from planarity.
Force inside = Force outside + Force from surface tension
Fin = Fout + Faurface
Fin = 471°Piy
Fout = 471 Pout
Faurtacedr = W = ydo- = yd(4rr?) = 8ryrdr
Faurface = 8mryr
AP =Py = Pou= 2yt
What is the pressure differential for adroplet of benzene with r = 0.01 mm?
AP =2x0.02888/10"° Pa= 5776 Pa= 43.3 Torr

This pressure differential leads to an enhanced vapor pressure above a meniscus (in a
capillary, for example).
Vin,ligQPext 2Whiq
* *
P=Pe R =Pe'®

In the present case, this effect isvery small: P/P* = 1.0002

Lecture 31. Capillary Rise
The pressure below a meniscus is lowered by 2y/r as compared to the external pressure.

Thisallowsthe liquid to rise in a capillary until the surface force is balanced by the
hydrostatic force.

ogh = 2ylr
h = 2ylpgr

For a0.5 mm radius capillary,



h=115.5/(879 x 9.81) = 0.0134 m=1.34 cm
Lecture 31. Partial Molar Quantities
We know from previous lectures that by definition,
dU =TdS - pdV + udn
We will now derive a very remarkable result, known as the Euler relation,
U=TS-PV +un
This expression stems from the fact that S, V, and n are extensive variables, and that T, P,
and i areintensive. The technical terminology isthat U isa
homogeneous first order function of S, V, and n: For any congtant A,
U(AS, AV, An) =AU(S, V, n)

For example, doubling S, V, and n is equivalent to doubling U.

Next, differentiate both sides with respect to A, using the chain rule,

0U (IS, AV, An) 8(AS) _ U (AS, AV, An) 0(AV) _ 8U (AS, AV, An) a(An)

0(1S) 0 0(AV) Gy d(An) Gy
_OU(AS, AV, An) o QU (AS, AV, An), , , OU (IS, AV, An)
9(AS) 0(AV) 0(An)
=U(S,V,n)
Next, set A=1,

a_US+a_UV .|.a_Un:U
0S oV on

But we recognize that the derivatives are the intensive variables.

T :(a_uj ,—P:(a_uj ’ﬂ:(a_uj
oS ), , Vv Js, on )y p
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Therefore, U=TS- PV +un
Next, calculate the perfect differential of U,

dU =TdS+SdT —PdV — VdP + pdn + ndu
But we also know from the First Law that

dU =TdS - PdV + wdn.
Subtracting, we obtain the Gibbs-Duhem relation,
SdT -VdP + ndu = 0,
We can easily generalize to a mixture of two (or more) substances.
U=TS- PV +puana + ugne
dU =TdS - PdV + padna + ugdng
SAT —VdP + nadua + ngdug =0
At constant temperature and pressure,
Nadua + Ngdug =0

We can apply this method to any extensive, homogeneous first order variable. Consider
the volume of a mixture of liquids,

V =Vaha +Vehg + ...

Where
VA: a_v
anA p,T,nB,nc ...
VB: a_v
anB P, T.Na.NG .

V isthe increase in the total volume when a small amount dna of substance A is added
to the solution.
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The Gibbs-Duhem relation for a binary mixture is
nAdVA + anVB =0

or

When one goes up the other goes down.
Lecture 32. Liquid mixtures

Example fromtext: ethanol, water mixture

g L Partial molar volumes of an ethanol, water

3 Ethaol | = mixture.
-~ | | & (Fig. 7.1 from Atkins.)
é 1a="f | 3'
= | 45 2
E | ¥
1 | &
% | £
? 18 / T
E | 54 E
= -
: | ;
= £
jRL 3

g T T E— an 1 &

Fiole fraction o sthenc, MCH,OH|

We will use the notation of M to designate the molecular weight of A, na for the number
of molesof A, and ma for the mass of A, so that

Ma = Na Ma,
and R =ma/mg
Molar volumes for pure liquids. Vma = Malpa
Vinw =Vw(xe = 0) = 18 cm®/mol
Vime= Ve(xe =1) =58 cm’/mol

(Note: Fig. 7.1 isinconsistent with the tabulated value of pg, which gives a value of 58.4.)
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Partial molar volumes for a solute added to a pure solvent:
Vw(xe = 1) = 14 cm*/mol

Ve(xe = 0) = 54 cm®/mol

Partial molar volumes for a 50% mixture:

Vw(xe = 0.5) = 17 cm® /mol

Ve(xe = 0.5) = 57 cm®/mol
Example: What is the volume of a mixture of one liter of ethanol and one liter of water?
1L water = 1000 gm = 55.51 moles
1 L ethanol = 1000x0.789 gm = 17.13 moles
mole fraction of ethanol = xg = 17.13/72.64 = 0.236
Fromthe figure, Vy = 0.0175L, Ve =0.0560 L =
V =0.0175(55.51) + 0.0560(17.31) =1.94 L
Self —test problem, 7.1: Given that a1:1 mixture (by mass) of ethanol to water hasa
density of 0.914 g/cm?®, if the partial molar volume of water is 17.4 cm®mol, find the

partial molar volume of ethanol.

From the Euler relation we know that

Ve =V —nyViy )/ ng

where
V = (me + mw)/p

Nw = Mw/Mw, Ne = me/Mg

It follows that

V. = (my +mg )/ p=myMy I My,
E me /Mg
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1+me/my, _ My
___ P My,
m 1
my Me

_(@+R)/ p-V, /M,
RIM,

Here, R=1, p =0.914, Vy = 17.4, My = 18.015, and Mg = 46.07 = Ve = 56.3 cm”
Application of the Gibbs — Duhem relation

Expressing the partial molar volumes as functions of na and ng, we integrate over n;:

Va(Nny) n !
N , yn, | oV ,
Vg (NasNg) ~Vem =~ J- —SdV, =- || =# | dn,

I
Va(na=0) Ny 0 Ny anA
where Vg =Vg' isthe volume of the pure liquid B.

Ng

Example:
_ * * 1

Doubling na and ng causes V to double.

In terms of mole fractions, divide by na + ng,

Vm - XAVm,A + XBVB,m + C‘\/ XAXB

Suppose you are given that
Vy=V,,,tcb
where b isthe molality of A,
b= Na = Na
mB nB M B
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and cisaconstant. Caculate Vg and V.

— C r-]A
VA _VA,m + o
B r-]B
C
dv, = dn,
M_.n
BB
cn
dVy =-—>25dn,
M BnB
Above isthe Gibbs-Duhem eq. Integatting it gives the following:
cn;
VB :VB,m - 2M A 2
BnB
_ _ c M
V= nAVA + nBVB - nAVA,m + nBVB,m + o
2M; ng

Vapor pressure of aliquid mixture

Suppose you have a liquid mixture of A and B, with mole fractions x4 and xg. What is
the composition of the vapor phase?

For an ideal liquid mixture,
*
PA = Xp PA

*
PB - XB PB
Thisis Raoult’s Law for an ideal solution.

What is the composition of the vapor?
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— I:)A — XA P;
I:)A + PB XAP; + XB P;

Ya

— P — Xg P;
Pat Ry XAP; +Xg P;

Ye

Supposethat A is more volatile than B. Which phase isricher in A?

*

Our assumption is that PA

*

> Py

Xa

: * * >X
X, + X5 Py /P,

Ya

A

(Explanation: xa + xg = 1. Herethe denominator is smaller than 1.)
Conclusion: The gas phaseisricher in A.
Even if asolution is non-ideal, it may still have alinear vapor pressure if it isdilute. This
iscalled an “ideal dilute solution,” which satisfies Henry’s Law.
If A isthe solvent and B the solute
Pr = xgKg.
Anideal liquid solution is not one in which the molecules do not interact. Rather, it
isamixture in which the interactions of all species are the same (both like and
unlike).

Lecture 33. The Chemical Potential of Liquids

The shower problem: What happens when you step out of the shower (aside from the
fact that the phone rings)?

Evaporating water removes heat and makes you feel cold. Let’s calculate how much
heat is removed, and determine whether the process occurs spontaneously.

Suppose that room temperature is 298 K, and that one mole of water evaporates.
(Probably 0.1 mole is more realistic.) Because the processis irreversible, we need to
find some other path to calculate changes. (It would have better to assume that al the
temperatures are the same a your body temperature, but we will ignore this detail.)
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What is AHyap(H20, 298 K)? Construct a cycle:

1
H,O(liq, 298K) —  H,O(gas, 298 K)

12 T4

H,O(lig, 373K) -  H,O(gas 373K)
3

AH; = AHy + AH3z + AHy4

AHzm = Cpm(H20, lig) x (373-298) = 5.647 kJ/mol

AHzm = AHyapm(H20, 373 K) = 40.656 kJ/mol

AHam = —Cpm(H20, gas) x (373-298) = —2.519 kJmol

. AHyapm(H20, 298 K) = 40.656 + 3.126 = 43.784 kJ/mol

(Table 2.3 lists 44.016 kJmol. Why?)

This heat of vaporization that is absorbed by the water accounts for your feeling cold.
Now let’s calculate the entropy changes.

ASgm =AS +AS+ A,

ASym = Cpm(H20, lig) In (373/298) = 16.90 Jmol 'K ™

ASzm = AHyapm(H20, 373 K)/373 = 109.0 Jmol 'K ™

ASsm = Cpm(H20, gas) In (298/373) = —7.54 Jmol 'K ™

. ASyegm = 118.36 Imol 'K ™!

Question: Isthis process spontaneous?

Answer: Calculate AGy, = = AHn —TASy to find out.

At 373K, AGq, isclearly zero. Isit positive or negative at 298 K?

AGo98m = AH2e8m — 298ASpe8m
— 43784 — 298(118.36) = 8,513 Jmol
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Incidentally, you could have obtained nearly this result using the Gibbs-Helmholtz
equation. Try it!

It is positivel What is going on?

Resolution: The above result is for P° = 1 bar, whereas the water vapor pressure is
lower. In general,

AGm(T,P):AG;+RTIn%

At equilibrium at 298 K,
AG, (298,P) =8513+ RT In ; =0= P=25Torr

Chemical potentials of two phases
Equilibrium occurs when puiq = ptvap

Strictly speaking, we should use the fugacities rather
than partial pressures. We will use phase A for illustration:

IUA,qu - IUA,gas - :uZ,gas + RT In fA(:gaS

A,gas

where “0” refersto afugacity of 1bar.

For Henry’s Law, fA,gas = KAXA.

*

For Raoult’s Law, fA,gas = PAXA’ where the * refers to the vapor pressure of the
pure liquid.

Theorem: If the solute obeys Henry’ s law, the solvent obey’ s Raoult’s Law.

We will prove it using the Gibbs-Duhem relation for y:
Nadua + Ngdug =0

Divide through by n=nn + ng,
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XaOua + Xgdug =0

x| | 1x || =o
aXA PT aXA PT

But dxa = —dxg for abinary mixture. Therefore,

X, 0l ~x, Og | _g
aXA PT aXB PT

0l _| Oug
oInX, o \0InXg ),

Let A bethe solvent and B the solute.

ou _
From Henry's Law, [0 In )B( j =RT
B/PT

oy | _
Therefore, for the solvent =RT
aInx, /.-

Integrating, :uA - RT InXA +C

Thisresult isvalid in the limits of xg—0, Xa—1.
Therefore, C = ua*, giving Raoult’s Law.
The gas phase composition is therefore

*

— XAPA
yA - * *
XAPA T KBPB

*

— KBPB
yB - * *
XAPA T KBPB




Liquid Solutions.

Left: Ideal mixture
illustrating Raoult’s Law.
Right: Non ideal mixture,
showing ideal dilute
behavior.

Tugssits

Herry's luw

o Ny—=

| - i

Lecture 34. Colligative Effects

Suppose component B istotally non-volatile. Also, supposethat it remains behind in the
liquid phase when the solvent freezes. Then its only effect isto lower wa(lig). The net
result isto lower the freezing point and raise the boiling point of A. The phenomenon is
conceptually related to vapor pressure elevation by an external pressure.
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Colligative effects:

- - Boiling point elevation
and freezing point

depression.

Pure liquid

fSolutfon

Chemical potential, KL

Vapour

— 5

T To Ty
Freezing point Boiling point
depression elevation

The key concept is that the chemical potential of the solvent, A, equals that of the vapor,

which ispure A.
p,(liq) = p,(lig) + RT Inx, = 1, (vap)

The text shows directly that the boiling point is elevated by an amount

2
AT, =D
AH vap,A,m

The same reasoning holds for freezing. The chemical potential of the solid, which is
assumed to be pure A, equals that of the solvent:
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. * . .
Ha(l1q) = pA(lig) + RT Inx, = 4, (solid)
The freezing point is depressed by an amount
RT?
AH A, fus,m
In both cases, AT is independent of the properties of the solute.

AT, =

Suppose the solvent does not freeze, but instead the solute, B, precipitates. Then the same
reasoning gives

U (solution) = 4 (lig) + RT Inx, = 1, (solid)

We can use thisrelation to calculate the solubility of B:
AH 1 1
— B, fus,m
In Xsy=—"——""| = "=—
R T T

This is analogous to saying that a liquid-vapor phase diagram may be viewed as either a
boiling point curve or avapor pressure curve.

Lecture 35. Entropy and Energy of Mixing
Microscopic approach: S =k InW, where W isthe number of equivalent configurations.
Suppose you have a crystal with N sites, and you wish to fill it with Na atoms of type A
and Ng atoms of type B, with N = Na + Ng. Assume that the interaction energies AA,
BB, and AB are equivalent. What isthe entropy of the crystal?
Assume that the A atoms are indistinguishable, as are the B atoms. The atoms can be

permuted among the N sites N! different ways, but of these Na! permutations of A and
Ng! permutations of B are indistinguishable. Therefore

N!
NLIN,!

Assumethat Na, Ng >> 1
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Sterling approximation: INN!=NIn—N

S/k=NINN-N-=N,InN,+N, =NgInNg + N,
=(N,+Ng)INN-=N_,InN, —NgInNg
=N,(InN=InN,)+N;(InN-InN;)

Na N, In—Ne

AS.. =-kN,In—A B
Smxmg NA+ NB NA + NB

=-kN,Inx, —kN;Inx; >0
Number of moles= (Na + Ng)/Naog=Na + Nz =n

AS o m = —RXINX, = RX; In X

mixing, m

Macroscopic approach: Suppose you have two ideal gases{na, Va P, T} and {ng, Vg P,
T}. Mix them irreversibly to the final equilibrium condition,
{na, ng, V, P, T}. Calculate the entropy change using areversible path.

Step 1. Expand each gas separately, reversibly, and isothermally to afinal volume, V,
and partial pressures Pa and Pg:

B
14 j nB ”f"-: !{ ﬂﬁ
&e— 1 V4 VG v \V,z
f 4 il f Fs |
Pa = nART/V
Ps = nBRT/V
P=Pa+Ps
V =Va+Vp
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V V
AS =n,RIn—+n;RIn—
V
A B
Step 2. Mix the gases reversibly, while maintaining atotal volume V.

e

Membrane 1 is permeable only to A. The partial pressure Pa is the same on both sides of
the membrane.

Membrane 2 is permeable only to B. The partial pressure Pg is the same on both sides of
the membrane.

Membrane 3 is impermeable to both A and B.

Membranes 1 and 3 are connected by a movable piston having area.d. Membrane 2 is
stationary.

The force pushing the piston to the right equals
PaA + P,

The force pushing the piston to the left equals
(PA + PB) A.

Net force on the piston iszero = w = 0.
AU =0 because T is constant.

The processisreversible. .. ey =0=> AS, =0

OAS iy =AS, = nARInl+ nBRIni
VA B
U AS g = ~MRINX, —NgRINX,
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L AS,

mixing,m

==X, RInX, = x;RINX;
General resullt:

AS,ixingm =~ RZ X Inx;
i
The entropy of a mixture of perfect gases is the sum of the entropies that each pure gas
would have if it occupied the same volume as the mixture at the same temperature.

What is the energy of mixing?

Consider the case of an ideal gas.

aAG'mixing
AT = _Asmixin
aT P,na,n ’
T
AGm’xing (T) = AGm’xing (T = 0) - IASMXing (T’)dT’
0

But we proved that for an ideal gas, ASmixing IS independent of temperature.
AGmixing = —TASmixing

Y our textbook attacks the problem in the opposite direction. First it solves for AGiing
and then determines ASmixing.

Before mixing, the chemical potential is just the sum for the pure materials:

Gunmixed = nAluA t nBluB

= nA{,uZ +RT In(P—I::j} + nB{,ug + RT In(g)}

After mixing, the partial pressures have dropped to P, and Ps:
G iveq = "+ RTI Pty >+ RTI i
mixed — 1A Ha n PO Ng\ Hs n PO
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(Notethe typo in the book.)

The free energy of mixing is the difference between these two quantities:

AG,j,ing = NART In(ij +ngRT In(ij
P P

Assuming Dalton’s Law,

AG =n,RTInx, + ngRT InX;

mixing

AG =X, RT Inx, + X;RT InX;

mixing,m

What is the entropy of mixing?

aAG'mixing,m
ASmixing,m =~ = _R(XA IHXA + XB InXB)
P,ny,ng

oT

What is the enthalpy of mixing?
AH=AG+TAS=0

Thisresult is not surprising because we assumed that the gasisideal. What arethe
results for real gases?

Gunmixed = nAluA + nBluB
= nA{,uZ +RT In(%} + nB{,ug +RT In(%}}

Gl iveq =Nas Ua + RT In(%j +Nng< g +RT In(%j
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AG,ing = NART In( fé] +ngRT In( f? j
fA fB

AG,yingm = XaRT In( fé] + x5 RT In( f% j
, fA fB

Because ¢=f/P depends on temperature, it no longer follows that AShixing = —AGmixing/ T
and that AHmixing=0. However, for gasesit isagood approximation (the rule of Randall
and Lewis) that

f
A
(o
A
S0 that for gasesit is still true that AH mixing = 0.

What isthe story for solutions?

For solvent A, having vapor pressure Pa,
liq) = 1/, + RT| Pal= +RTI
Ha(l1g) = N5 |~ Ha na,
A

where we have defined the activity, ay. For anideal (Raoult) solvent, ax = Xa ..

For an ideal-dilute solute,

11, (Iig) = 44, + RTIn % = 11, +RTIn KFB)XB

*
B B

s (110) = 15 + RTInXg
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where K 5

Finally, for areal solute,

Hs(lig) = 1 + RT Inag

where K 5
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