Lecture 12: Perfect Differentials

If A isastate function, then dA is said to be a perfect differential. A necessary
and sufficient condition for a function of two variables A(x,y) to have a perfect
differential isthat

0*A _0°A
0x0y  0dyox
dA:[a—Aj dx+[a—A] dy = f(x,y)dx+ g(x, y)dy
ox/, ay )

The necessary and sufficient condition is

of) _ (0_9)
ay ), \0x),
Example: A= x* sin(xy)

dA = {2x sin(xy) +x?ycos(xy)} dx + x*cos(xy)dy

Of1dy = 3x? cos(xy) — X%y sin(xy) = dg/dx

Thermodynamic Perfect Differentials

du = TdS - PdV

= (W%

dH =TdS+ VdP
aTY _(oV
= (&)%)
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These are examples of the Maxwell Relations, which are summarized in the Maxwell
Square.

Goal of Thermodynamic Manipulations: to express any quantity intermsof V, T, P, S, n,
a, k1, and Cy.

_1(oV
a—v T . Thermal expansion
Ideal gas. a:En—R:i
VP T
K ‘—l a_v | sothermal ibilit
T viop ). sothermal compressibility
1/ -nRT 1
Ideal gas: k; =—— —
oes i == |
C = [O_Uj Heat Capacity, constant V
aT ),

Ideal gas: Cy = 3/2nR
Lecture 13: Thermodynamic Calculations
Partial derivatives of implicit functions

Consider afunction A(X,y,2)

dA:(a—A] dx + oA dy+(a—Aj dz
ox),, oy . 0z/,,

X, 'y, and z are said to be implicit functions of each other; i.e., z = z(x,y).
In addition, X, y, z, may be functions of some other variable, t.

Exampless A=U,H, A, G
xXY,zt=P,V,T,S.
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Properties of implicit functions

Origin of the minus sign:

dA=(Qéj dx + 9A dy+(@éj dz
0x ), oy ‘s 0z,

O:[a—A] dx + 9A dy+(a—A] dz
16)4 vz oy ‘s 0z Xy

Set dz=0 and divide through by dx:

0Xx v ay ‘2 0X ) 4,

ay (a%x)y,z
(BXJ(a )

Manipulations of the Maxwell Square

Set dA=0:

oX
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Example1l. Internal Pressure

)
e e
v ).

dU = TdS - PdV

(5]
NV ).
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Example 2. The Joule-Thompson Coefficient
A pump drives a high pressure gas through a porous plug. The work done on the gas on
the high pressure side is PV;. The work done by the gas on the low pressure side
is Pfo.
Conservation of energy gives
Ur = Ui + BV — PV¢
Us + PVi= Ui + BV,

Hs = Hi

oT
dT =| — | dP = dP
(GPJH H

oH
_(aT __(anT__ﬂT
‘(a_PjH‘ H) G
o,

dH =TdS+ VdP

oH 0S
=[] =7[ 2] +v
Hr (apl [aPl

:—T(a_vj +V
T ),

= VT +V
=V(1 —aT)

ldealgas. ur=(1-(UT)T)=0



Lecture 14: Thermodynamic Calculations 2

Application to areal gas.

b RT _a
V. -b V2
o, d _ R
V2 V. -b

Hp + Vizl ~2v m—b)vi}dvm = RAT

3
m m

1(oV,
a=—
(7).

m

1
TV, _2a(V, -b)

V. -b Ran
We can simplify this result by taking a series expansion:

a =

Let & =b/V, ad ¢, =a/v?
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Substituting Vm =RT/P,

1[, bP  2aP
a=_—11-——+—
T RT RT

_ bP _ 2aP
Tin = Vo= or—= g2

inv

Tinv ~ 2albR

For example, Tin(H2) ~ 227 K
Tin(CO2) ~ 2079 K

We can also determine the Joule-Thompson coefficient:

__ MV
=-£ =~ (aT-1
U C. Cp( )

Y, bP  2aP
=~ |l-—tor 1
C.. RT RT

-_Pv (ﬁ_bj: 1 (ﬁ_bj
C.RT\ RT C.. \RT

Application to the virial equation:

PV, = RT(1+ B\gT) + C(T)J

V2

m

PdVv,, =-RT Ez+2—(§ dv,, + 1+E+£2 ar +| KT dB+R1- dc dT
vV, VvV, vV, V, V, dT V, dT

m m m m
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P+RT E+§ dv = 1+E+£2 d—B id_C dT
vz oy V., V! dT V_dT

m m

1/RT(,,B,C Td TdC
[avm] T Vol V. VoV, dT vnf dT
Vi L OT e P+RTU32+\2/E]

B,C,TdB TdC
1+ —+ -+ —
1 RT v. vz Ty ar vz ar
TPV, LR (B 2C
v (v, Tv?

a

1 B C TdB T dC B 2C
1+—+—+ + 1-

V. V2 VvV dT V2dT

Example3. Cp - Cy

dH = qu,re\/ + VdP
= CpdT + VdP

=TdS+ VdP
c=1(2)
oT

S=4YT,P)

ds= ["Sj e ["Sj dP
aT ). P ).

=Cogr- (avj dP
T ot ),

_C.dT

-VadP
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TdS=C,.dT —-TVadP
(5] e
aT ), aT ),
oV
[a7),
FY;
(o)
TVa?

=C. -
G =Com

Lecture 15: Introduction to the Second Law

C, =C,+TVa

Significance of the First Law

1. Allowsusto calculate the energy change for any process (Thermochemistry)

2. Allowsusto calculate g and w for a given path

w

Rules out perpetual motion machines of the fisrst kind

1. Tellsusnothing about the feasibility of a process. AU<0 and AH<O are not valid
indicators.

2. Télsus nothing about equilibrium
3. Doesnot treat g or w as state variables

4. Says nothing about perpetual motion of the second kind (g—w machines)

The heart of the problem is our understanding of g.
Heat is a chaotic form of energy, and is not 100% useable.

1. Wewould like to have a measure of chaos.
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2. Wewould like to have a measure of the usefulness of hest.

The quantity of interest is the entropy, S.

1. Sisadtaevariable. It isthe extensive counterpart to T that appearsin the Euler
relation.

2. Shasan absolute value, S=0 for perfect order.

3. Anincremental change of heat, dq, leads to more disorder a low T than at high
T. Transfer of dq from a hot body to a cold body leads to more useful work at
high T than at low T. Hence, we expect that S, as measure of disorder and as a
measure of the usefulness of heat, varies inversely with T.

Lecture 16. Entropy

We would like to discover what it would take to make dq a perfect differential. We
will use an ideal gasto test out ideas.

Let’s start with a problem that we aready understand.
Let’s demonstrate that dV is a perfect differential.

V = V(T,P) = nRT/P

dV = {(T,P)dT + g(T,P)dP

oT), P
:(a_vj __DRT
97\ . pP?

(%) =-m-(2)
oP). P> 0T/,

Q.E.D. (but hardly surprising)
Now let’s examine dwye,.

dw,_, = —PdV = -nRdT +%dp

f(T,V) = —nR

39



o(T,V) = nRT/P

[afj =0
P ).

(%) =%
aT). P
.. dwye, IS NOt a perfect differential.

Now let’s examine dgye,. For anideal gas:

dg,.. =dU —dw_ =C,dT +nRdT —%dP

f(T,V) = Cy+ nR

o(T,V) = —nRT/P

),
oP ).

(a_gj __MR
oT), P

.. dgrey is Not a perfect differential.
What will it take to make dgre, exact?

We can “fix up” g(T,P) by dividing it by T.

Define: dS = dgre/T
+
TRCALLAP) JELLAPS
T P
. dT__dp
dS—CP?_nRF (1)

o), =05,
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. dSisaperfect differential.
We can write this result equivalently as
du = TdS - PdV

For an ideal gas,

dT = PdV dT . nRdV
dS=C, —+—=C, — +
STt TYT Tty (2)

ASisindependent of path.

T, P.
) dT dp
From Eq. (1): AS= Jsz(T)? - nRJzF

T R

- ]chcr)‘frT - nRIn[FF)f)

T 1

T, )
Fromeqg. (2): Ag:jcv(r)dlij‘LV
T T Vi v

)
=ch(T)d—T+nR|n£\éj
1=y v,

Contributions result from increases in both
temperature and volume

Lecture 17. Calculating the Entropy
Summary of results from the previous lecture, for an ideal gas:

1. Constant pressure (reversible):
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The second equality assumes a constant heat capacity.

2.

T I I1

Congtant temperature (reversible):

AS = nRIn\L: —nRIn&
V, P

1 1
Adiabatic process:
ASag,rer =0
AS4q, irrev depends on the process
Phase transition:

ASyrans = AHirand/ Ttrans

Troutons' Rule: ASyzpm ~ 85Jmol™ K™

= AHyapm ~ 85 TppJ mol™

Example: Heating of |, a constant pressure, revisited

Com=a+bT +c/T?

AS=aln 2 |+pT, -T)-¢| L - 2
T, AN PR
Phase a b C
solid 40.12 0.04979 0
liquid 80.33 0 0
vapor 37.40° 0.00059 -0.71et5

Note: Cp at 300K is4.42R

Melting point = 386.8 K
Boiling point = 458.4 K




AHyapm = 41.80 kImol™' = ASzpm =91.18 Jmol ™' K™
(Trouton’s rule predicts 85 Jmol ™' K™)

Calculate the entropy change accompanying the heating of one mole of 1, from 100 to
500K at 1 am.

AS = 40.12 In(386.8/100)

+0.04979 (386.8—100) +

+ 80.33 In(458.4/386.8) + 91.18
+ 37.40 In(500/458.4)
+0.00059(500—458.4)

—0.5x0.71x10°(500 2~ 458.472)
=216.21 Jmol ' K'

Note: Table 2.6 givesAS;m = 116.135 Jmol ™ K™
a 298 K.

Third Law of Thermodyanamics
If the entropy of every element in its most stable state at T=0 is taken as zero, then
every substance has a positive entropy which at T=0 may become zero, and which
does become zero for all perfect crystalline substances, including compounds.

Law of Dulong and Petit: Cy = 3R for al atomic crystals.

Datataken from Atkins Table 2.2 and McQuarie:

Metal CvIR @ (K)
Al 2.48 396
Cu 272 313
Pb 2.66 88

This“law” clearly violates the Third Law, because, if Cy isa constant, TfCV O_'r—T is
ill-behaved as T1—0. '
Experimentally it is observed that

mc, =0
This discovery was crucial in the foundation of quantum mechanics.

Debye Heat Capacity:



The Debye theory treats a crystal as having a continuous distribution of frequencies,
v, with a maximum cutoff frequency, vp. This model predictsthat Cy is given by

3lon/T 4 x
T x'e
C = 9!2{—} dx
eD '([ (ex —1)2
where x = hv/kT and the Debye temperature is given by

— hl/D
k

Op

Limiting behavior:

limC, =3R

T

iimc, :1277AR( T ]

5 O,
This is the famous T* temperature law for the heat capacity and entropy.
Lecture 18: The Second Law: Examples
How to deal with irreversible processes.
Two moles of an ideal atomic gas occupy a volume of 25 Liters at atemperature of 300K.
Calculate the entropy change of the system and its surroundings in each of the following
Isothermal processes.
A. Supposethat one wall of the vessel is actually a piston that is held in place by apin.
The pressure behind the pistonis 10 atm. The pinisremoved and the pistonis
allowed to push on the gas irreversibly until it comes to rest on its own.

B. Supposethat the gas is compressed reversibly to the same final volume asin the
previous question.

Let’streat the reversible case first.
dgrev = —AWrey = PV =nRT dV/V
dS=dge/T =nRdV/V

AS=nRIn(V./Vy)



T=300K,Vi=25L, P,=10am, V, = nRT/P, =4.92 L
AS=-162R

dOrev,sur = — dCIrev,sys = ASqrr = —Assys
Now let’streat the irreversible case.

Because Sis a state variable, ASys has the same value as in the reversible case, so long as
thefinal state isthe same. But ASy, is different.

Suppose the outside world has a constant pressure. Then AHg,r equals the heat loss of
the system, regardless if the process isreversible or not. That is:

ASsir = —Ored/ Tsurr = AHsure/ Tsurr = —CGirrend Tsurr
Note: 1) The minus sign comes from the fact that heat leaves the system and enters
the surroundings.
2) This principle works because the surrounding heat bath is so large that its
temperature does not change when q is added or removed.
Oirrev = —Wirrev = PexAV
ASgir = —PAVIT = 8.156R
ASiot = ASys + ASqr = 6.54 R

The total entropy change for a spontaneous process is greater than zero.
Let’s consider next the equivalent adiabatic processes.

For the reversible case, ASys = ASq,r = 0

For the irreversible case, ASy,r = 0 because no heat entersthe surroundings. But for ASys
we must find an equivalent reversible path.

P (V2-V71) =Cy (T2-Th)
PeV2 =PV, =nRT,
PV + CyT1=CyT2 + NRT,=5/2 nRT,
PV + CyT1=29,072J
T,=1399K, V,=4591 L

ASS/S =CvlIn (Tz/Tl) +nR In (Vz/Vl)



= 3/2 R In (4.6633) + R In (0.1836)
= 0.615 R = ASq

St Again, AS> O for an irreversible process.
The bottom line in these examples:

1. Because AS is a state quantity, ASys isthe same for reversible and irreversible
processes, provided that the final state is the same for both cases. If it isnot (asinthe
adiabatic example above), then for the irreversible processit is necessary to construct a
reversible path and calculate ASy/s along that path.

ASys=0 for reversible adiabatic processes but not for irreversible ones.

2. ASqyr isgiven by —g/T«r, both for reversible and irreversible processes. It follows
that ASq,=0 for all adiabatic processes.

Another example: An ice cube falls into the ocean and melts. Calculate ASys, ASq,r, and
ASt

Assume one mole of ice:
Tice = 273.2 K, Toeean = 283.2 K.

What is AH¢,s(H20, 283.2 K)? Construct acycle:

1
H,O(solid, 283.2K) = H,O(lig, 283.2 K)

12 T4

H,O(solid, 273.2K) = H,O(lig, 273.2 K)
3

AH1 = AHp + AH3 + AH,
AH, = Cp(H-0, solid)* x (273-283) = —378 Jmol
AH3 = AHfg(H20, 273.2 K) = 6,008 Jmol

AH4 = Cp(H20, liq) x (283-273) = 335.6 Jmol

.. AH4 = AHgo(H20, 283.2 K) = 5966 Jmol

Now let’s calculate the entropy changes.

ASe=AS +AS +AS,

! Estimated to be 37.8 Jmol, from CRC handbook
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AS, = Co(H0, solid) In (273.2/283.2)
=-1.36 Jmol'K™!

AS; = AHys(H20, 273.2 K)/273.2
=22.0JImol'K™" (Thisagrees with Table 4.1)

AS; = Cp(H20, lig) In (283.2/273.2) = 2.71 Imol 'K ™
. ASie = 23.35 Jmol 'K
What is the entropy change of the ocean?

ASocean = —AHgs(H20, 283.2 K)/283.2
= -21.07 Jmol'K™!

ASia ==2.28 Jmol 'K
Again, we find that the total entropy increases for a spontaneous (irreversible)
process.

Another example: Thermal equilibration of two objects.

Suppose we have two identical copper blocks, one heated to 500 K and the other a 300

K. Supposethey are brought into contact and allowed to reach a common final
temperature, T.

1. Irreversible heat transfer:
Cp(500 — T) = Cp(T — 300)
.. T =400

AS = CpIn(T/500) + Cp In(T/300)

= C,In 400 =0.0645C,
300500

Again, we find that the total entropy increases for a spontaneous (irreversible)
process.

2. Reversible heat transfer. (Suppose the copper blocks are used as the heat source
and sink for areversible engine.)

AS = Cp In(T/500) + Cp In(T/300) = 0

Solve for T:
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In(T/500) = —In(T/300) = In(300/T)
T? = 300x500
T=387K
The geometric mean is less than the arithmetic mean.
Work extracted = (400 — 387)Cp
It isinstructional to examine this problem in the limit of very large heat sources. See

accompanying diagrams.

Irreversible transfer of heat g from a hot reservoir at Tho to acold reservoir at Teyg Viaa
thin wire:

AShet = —q/Thot
AScoid = QT eald
ASota = q[UTeoid =/That] > 0

Reversible transfer of heat g from ahot reservoir at Tho t0 a cold reservoir at Teyq Viaa
gas and a piston:

1. Transfer of g from Ty to the gas by an isothermal expansion:
AShot = =/ Thot = —ASgas
2. Adiabatic expansion of the gas, cooling it to Teg
ASys=0
Transfer of g from the gasto Tq to by an isothermal compression:

AScoid = O/ Thot = —ASgas
Lecture 19: Formulations of the Second Law

1. Entropy formulation: The entropy of an isolated system increases in the course of a
spontaneous change: AS,; > 0.

2. Kelvin-Planck statement: It is impossible for a system to undergo a cyclic process for
which the only effects are the flow of heat into the system from a heat reservoir (a
“reversible heat source”) and the performance of an equivalent amount of work by the
system on its surroundings (a “reversible work source”).



3. Clausius statement: It isimpossible for a system to undergo a cyclic process for which

the only effects are the flow of heat into the system from a cold reservoir and flow of an

equal amount of heat out of the system into a hot reservoir.

Theorems
1. ASq =0for areversible process. Decompose the path into an adiabatic and an

isothermal component. ASgs=AS = 0 along the adiabatic path and AS= /T
along the isothermal path. ASq.= 0 aong the adiabatic path and ASys= —a/T
along the isothermal path. . ASet = AS+ ASyr = 0.

2. Clausiusinequality:
dS=>dq/T
Proof:
dS, =0
dS +dS,,, =0
ds,, =-dq/T
0dS =dqg/T

AS,. = {dq/T
But ASyc = 0 because Sisastate variable.

0ddq/T<0

It follows from the Clausius inequality that the entropy change along an irreversible path
Is positive (something we already knew.)

Let A—B bean irreversible and isolated process.

CIA—>B:O-
Let B—A be areversible process that completes the cycle.

I'he Clausius inequality = fdi <0
T
B

But g along path B— A isareversible.
~AS(B-A)<0

~AS(A-B)>0
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Q.E.D

3. The entropic formulation and Kelvin's formulation are equivalent. To be proven
later.

4. All reversible engines have the same efficiency,

£= ‘Work‘ — Ohot + Oeold — Ohot _‘qCOW‘ =1- ‘qcold‘

qabsorbed qhot qhot qhot
Proof: Suppose engine 1 absorbs i net and produces gy cod and wi. Similarly, engine 2
has parameters Qo not, J2.cold, @Nd Wo. Suppose that €2,>€;. Run engine 2 inreverse (i.e.,
asarefrigerator), such that itsinput is —da coa and Wz, Its greater efficiency implies that
less work, w2 < —w1, is needed to remove g, cid and less heat, gz nat, is generated. (See
accompanying figure). Net result:

O1hot — |O2nat] 1S CONVeErted into |wi| — wo.

This violates the Kelvin formulation.
5. The Kelvin and Clausius formulations are equivalent.

Proof that Kelvin = Clausius:

Suppose this statement is false. Set up a conventional engine that converts gno—Qeold + W.
Then hook up an anti-Clausius refrigerator to our engine and transfer gcq back into the
hot reservoir. Net result: Qnot — |Jeold| 1S CONverted into |wj, in contradiction to the Kelvin
formulation.

Proof that Clausius = Kelvin:

Suppose this statement is false. Set up a conventional refrigerator to convert gnot¢—Jeold +
w. Then hook up an anti-Kelvin refrigerator to our refrigerator and convert to generate
the work needed to run it by direct transfer out of the hot reservoir. Net result: |Ocold| IS
converted into gnet — |w|, in contradiction to the Clausius formulation.

6. The efficiency of areversible engine is given by

E —M:l—TCﬂ

engine ~
qhot Thot

Proof: Use a Carnot Cycle
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AS=C, In%+ann%

2 1

Tho -+ nRInV—B = nRInV—B

hot A VA

path 1. BSas=Cy IN

V
Recall: G = NRT In[V—Bj

A

path2: 8Sg.c= & lnh + ann\i

hot B
ASB_.C :C\/ |nTcoId +|n\i
nR nR T, 5

S
o (Tw.dj% “o
Thot VB

Thisresult is expected because dgr., = 0 along an adiabat.

Path 3: AS(:_,D: C:V InTC& + ann\i = —nR|n£
cold VC VA

_ V
Recall: q3 - nRTcoId ln[V_Dj

C

pana: DSy  ,=0

For the entire cycle: AS=0

qhot - — Thot
Heat budget:
J qcold Tcold

Work done in one cycle: W = —(Qhot + Jeold)
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- hot+ cold -1 — cold
W _ O + s 4T

hot q hot Thot

Engine efficiency: € =

Actually, we don't need to use the Carnot cycle (or any specified system) to prove this
result. It all comesdirectly from the First and Second Laws.

Note: In this and the subsequent discussion, we label heat and work leaving a heat or
work source with a minus sign and the heat or work entering those sources with a plus
sign. The focus is on the sources because we are interested in calculating the efficiency of
work or heat production.

Here, it follows that for a cycle
Ohot = Ceold + W = ot + Qoig + W = 0.
This equality will always hold for a cycle.

Lecture 20: Consequences of the Second Law
7. Derivation of the Clausius inequality using a Carnot Cycle:

Suppose a cycle contains an irreversible part. Construct a Carnot engine that includes
that path. It’s efficiency will be less than ideal.

irr

irr
qhot + qcold < Thot _Tcold
irr
qhot Thot

irr

qcold < Tcold
irr

qhot Thot

irr

qi:rorld + qhot <O
T, Id Th

CcO

cj‘d(_?_i<0

ot
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Use of the Clausius inequality to derive the Kelvin formulation of the Second Law

Suppose the Kelvin formulation were false.
Use an engine operating at temperature Ty to withdraw heat g and convert it into work w.

With respect to the engine, g > 0 and w < 0. (This follows because AU =q+w =0 for a
cycle)

d

{1>0
g>0and To constant = T
0

But this contradicts the Clausius inequality
= the Kelvin formulation must be true.

We can use the same argument to prove the converse.

Suppose that AS: < 0 = the processis spontaneous. Then the Clausius inequality
becomes
J51>0
T
For an engine connected to an isothermal bath at T=T, it followsthat q> 0and w < 0.
Thisis contrary to the Kelvin formulation, proving the theorem.

Lecture 21: Thermodynamic Engines

Note: In each of the following examples, you need to refer to the diagrams presented in
class.

1. Reversible engines:

First Law: —dQgnhot = dQcoig + dw

A + A0y _
Second Law: Thot T

cold

- Tcold
Th

dqcold = dqhot

ot
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TCOId Clqhot - dW

T

hot

dCIhot =

T

hot

gengine -~ dW - 1_ TCOId
dqhot Thot

2. Reversible heat pumps:

First Law: dgnhot = —dQeoig — dw

A + A0y _ 0

Second Law:
Thot Toold
T Id
dqcold =~ -Ifo dqhot
hot
T Id
dqhot == dqhot _dW
hot
Thot
Eh - _ dqhot — Thot
eat _ pump
dw Thot _Tcold
TcoIIdI [’T]rhot gheat_pump -



3. Revesiblerefrigerators:

First Law: dgnhot = —dQcoig — dw

Ao + A0y _

Second Law: Thot Tcold
T
dCIho = - dCIcold
t Tcold

A0y --II_—hOt = dg,q +dw

cold
A0y Tho —1|=dw
cold
£ — dqcold — Tcold
refrigerator dW Thot _ -I-COIOI
im & =00

refrigerator
Thot _’Tcold g

Lecture 22: Microscopic Basis of The Second and Third Laws

Sisameasure of the number of microscopic states W that are consistent with an
observed macroscopic state (i.e., for agiven U, V, ng, ny,...).

Analogy with a pair of dice:

Macroscopic state Microscopic state

{11}

{1,2} {2,1}

{1,3} .{2,2} {2,1}

{1,4} {2,3} {3,2} {41}

{1,5} {24} {3,3}.{4,2} {51}

{1,6} ,{2,5} {3,4}{4,3} {52} {6,1}

ON|O O WIN

{2,6}{3,5},{4,4},{5,3} {6,2}

glo|lu|hwiN k(S
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9 {3.,6}.,{4,5}.{54} {63} 4
10 {4,6},{5,5}.{6,4} 3
11 {5,6} .{6,5} 2
12 {6,6} 1

Molecular example: m energy levels

U=>» NE

iMs

Microscopic configurations:
{N11, N21,..., Nm1},
{Ni2, N2z,..., Nm2},
{Naw, Naw,..., N}
Boltzmann’s definition of the entropy:
S=kInwW
k =R/Na = 1381x10 2 JK™*
Sisdimensionlessif T has the units of energy.
AsT-0, al moleculesdrop to Ej, so that
w=1
k InW =0
Exception: 2 (or more) molecular orientations at the ground energy level.
Suppose there are N molecules with 2 equivalent orientations. (g=2)
w=2"
S(T=0) =k In{2"} =kN In 2
= kNa(N/N,) In2
=nRIn2

Rationalization for using a logarithm is that it makes S extensive.

56




Example: isothermal expansion

AS=kIn[£]N —kln[ﬁlN
V, V,
AS = NkIn ﬁ - NkIn ﬁ = NklIn ﬁ
VO VO Vl
AS = nRInK\Q]
Vl

Nernst’s Heat Theorem: For any physical or chemical transformation,
IMAS=0
T-0
R(M) - HT)

T {

RO - PO

AS(T) +}(CR —CP)O'T—T =0

0

as(M) = [(C, ~Co) T
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Lecture 23: Thermodynamic Potentials

The fundamental relation U = U(S, V, n) contains all thermodynamic information about
an equilibrium state, using only extensive quantities.

A Legendre transform replaces a variable by its derivative in a functional relation. 1f
Y (X) isafunction of X, and P=dY/dX, theny is afunction of P, where

y(P)=Y - PX
In thermodynamics we use Legendre Transforms to replace extensive variables by
intensive ones.
ouU
_p= (
oV )<
ouU
T= (_
oS ),
Legendre Transforms

The conventional way to describe a curve is by a function, where for every X we specify
ay:

Y =Y(X)

But we could also map out the curve by drawing the tangent at every point and tabulating
the slopes,

and intercepts,
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for every point on the curve. Elimination of X and Y gives a new function,

¥ =y(P).
Example:
y=Ix
4
p=1x
2

— — D2 2 2
Y=Y-PX=P?>-2P?=-P
In general, the Legendre transform is given by

W =Y - PX,

where it isunderstood that X and Y are eliminated.

Legendre Transforms in Thermodynamics
ReplaceV by —P: H=U + PV =H(S, P, n)
ReplaceSby T: A=U-TS=A(T,V,n)

ReplaceV by —Pand Sby T:
G=U+PV-TS=H-TS=G(P, T, n)

Derivative Relations
dU =TdS - Pdv
dH =dU + PdV + VdP=TdS +VdP
dA =dU - TdS - SAT = —SdT — PdV

dG=dU + PdV + VdP - TdS — SdT = VdP — SdT
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Look at the thermodynamic square.

Two more Maxwell relations:
LANE
ot ), oV );

o)1),

Macroscopic changes at constant T
AA =AU - TAS
AG=AH - TAS
Inequalities and signposts
dS+dSgr= 0
dS-dg/T=0
dS= dg/T (Clausius)
TdS=dq
TdS = dU + PdV
Note: Thisbecomes an equality for areversible process.

At constant V,
TdS= dU

At constant U and V,
dS>0= Sisat aloca maximum at equilibrium
At constant Sand V,
dU <0 = Uisat alocal minimum at equilibrium
TransformV — —P

TdS= dg=dH - VdP
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At constant P,
TdS= dH

At constant H and P,
dS>0= Sisat alocal maximum at equilibrium
At constant S and P,
dH <0 = Hisat alocal minimum at equilibrium
By similar reasoning, at constant V and T,
dA <0= Alisat alocal minimum at equilibrium
At constant Pand T,
dG < 0= Gisat alocal minimum at equilibrium
Differential Quantities
du =dqv
dH = dogp
dA = dWax total
dG = dWimax other
Maximum Work
For an irreversible process,
TdS = dU + PdV = dU — dw
s dw=dU - TdS

Note: The work is a maximum when it isthe most negative, i.e. when w is as small as
possible.

JoOWnex = dU — TdS=dA + ST
At constant temperature,

OWmax = dA
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We can distinguish between mechanicalV\ETg\;’ )Avpx\/ork and other types of work (e.g.,
electrical):
dw = —PdV + dWgihe = dU — TdS
dWoiher = dU — TdS + PdV
OWoiner mex = dU — TdS + PdV = dG + SAT — VdP

At constant T and P,

AWother,max = dG

AWgther max = AG

Properties of the Gibbs Free Energy

dG = VdP - SdT

oG
oT ).

aG
oP

1. Pressure dependence of G )
G(P;,)-G(P) = deP
Incompressible material: i
G(P)-G(R)=V(P -R)
|deal gas:

G(P,)-G(P) = IﬂdP =nRT In(i j
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2. Temperature dependence

G ) _ G - H

0T ), T
Gibbs-Helmholtz Equation:

0 (G 1(0G

aT\ T TlaT ),

P

G
T

_G-H G _ H

T2 T2 T?

Lecture 24: Thermodynamic Calculations, Revisited

Recipe for evaluating thermodynamic derivatives

1. If thederivative contains any potentials, bring them one by one to the numerator
and eliminate them using the thermodynamic square.

2. If the derivative contains the entropy, bring it to the numerator. If possible, use
on of the Maxwell relationsto eliminateit. If this doesn’'t work, put aoT under
the 9S. The numerator will now be expressible as either Cy, or Cp.

3. Bring the volume to the numerator. The remaining derivative will now be
expressible in terms of @ and «7.

— 2
4. Invoke CP _CV +TVO’ /KT

%))

Example of step 1.
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() %]

-1
%), 4%)
| \op)s \ap),

) (@
0S J, oV Jp
-1
—S[aTj +V —s[aTj +V
T 0P /4 P oP ),

{4 {3
o) (o) () o

P Kasj T C.IT G,
oT J,

Example of step 2.

Notethat at constant pressure, dg,=dH =TdS
But also dgp= CedT. .. CedT = TdS.

aT), T

Another example:

o
(asj _\oT ), _CIT
P

R
T ).

Example of step 3.




Lecture 25: Fugacity
Chemical potential for a mixture of substances:
dG = —SdT + VdP + padng + podnp
At constant T, P, ny+ ny,
dG = padnmy + podny = (1 — p2) dm
At equilibrium, dG=0= w3 = u»

In general,

9G
on

Hi =

For a pure substance, G = NGy, = u = Gn

In this lecture we will consider only this case. For anideal gas,

G(T,P) =G(T,P°) + nRTIn P—PO

1(T,P) = u(T,P°) + RTIn P—F;

Choice of a standard state:
1. Specify T
2. For acondensed phase, P° = 1 bar.

3. For agas, the standard state is a hypothetical state at 1 am in which the gas
behaves idedlly.

Definition of the fugacity, f: For anon-ideal gas,
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L(T,P) = u(T,P°) + RTIn(%j

Definition of the fugacity coefficient:

¢ =fIP
Iimep=1
Pﬁo¢

How to calculate the fugacity: At constant T,

du =RT dinf

) 42)
k). \oP )

. du=VndP

But we also know that

~ RTdInf=V,dP

RTd In(%j =V dP-RTdInP

(B
P

P) \RT P
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(PV de (z—ﬂjdp
RT P/P L P

Integrating over pressure,
f Z-1
InNn — [=lng= dP’
(pJme= 1)

o).

Interpretation: Thermodynamic path

Ideal gas @ P, T — Ided gas @ P=0, T

- Real gass@P=-0,T - Real gass@P, T

Note that
fy_
In(Ej—ln fog —INT
aln(fj
P :Z_lzé_l
oP P P P
am(lj
P
where
olnf _Z

and P P
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Integrating along the thermodynamic path,

In 1’-real (p) - In 1’-ideal (P)

- }Zideal d?I:?,+O+?Z &=
0

real ’
s P

Example of areal gas

Z=1+B'P+C'P*? +...

'”(ipj = Pj(B' +C'P' )P’

0

— BI +1clp2
2

BP+1CP?

f=Pe °
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