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Vibrational transition probabilitics calculated using the semiclassical forced quantum oscillator model and
the information theoretic moment method were compared with exact quantal results in two model systems.
In both cases the moment method was generally more accurate. Under conditions leading to a large
distortion of the molecular force constant, the forced oscillator model was found to be in significant error.
At low collision energies with two or three open states the moment method was inaccurate, and the forced

oscillator model is preferred.

I. INTRODUCTION

Despite significant progress in quantum mechanical
scattering calculations, classical trajectory analysis
remains the most practical method for calculating reac-
tion and relaxation rates in all but the simplest systems.
A difficulty inherent in the classical method is the deter-
mination of state-to-state transition probabilities and
cross sections. Since these are not classically defined
observables, it is necessary io postulate a rule for
quantizing the classical results. The most popular
method is to round off the final values of the dynamical
variables (e.g., internal energy or angular momentum)
to the nearest quantum number. While this “binning” or
histogram method works well for some reactive sys-
tems' and in rotationally inelastic nonreactive colli-
sions, %3 it can lead to large errors near classical
thresholds where there may not be any real valued tra-
jectories connecting the initial and final states, 4 and
near quantal thresholds where classical products may
have less than zero-point internal energy.

A number of more accurate quantization methods have
been described in the literature. Here we compare two
of the most promising ones for quantization of nonreac-
tive vibrational energy transfer. The first method is
based on the semiclassical assumption that the transla-
tional motion can be uncoupled and solved classically to
yield a time dependent potential. The motion of the os-
cillator driven by this potential can then be solved quan-
tum mechanically. It is well known that a harmonic os-
cillator driven by a potential linear in the oscillator co-
ordinate has an exact quantum mechanical solution, *~®
For this idealized system the motion of the center of the
wave packet obeys the classical equations of motion, and
the vibrational transition probabilities are given by a
simple expression which depends only on the average
classical energy transfer. Transition probabilities
for an anharmonic oscillator driven by a nonlinear
potential have been approximated by the same ex-
pression, using the classical energy transfer deter-
mined from a representative trajectory.® Different
choices of the representative trajectory have resulted
in various versions of the method such as the “ITFITS”
model of Heidrich, Wilson and Rapp, ® and the “DECENT”
and “INDECENT” versions of Gentry and Giese, 1°~*8
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Recently Blais and Truhlar? used a modification of the
Gentry and Giese methods to calculate vibrational en~
ergy transfer of Hy in Ar.

The second approach we have considered is the mo-
ment method of Procaccia and Levine*™?' and Truhlar
and Duff.?? The underlying idea is that fewer than N in-
dependent pieces of information are required to describe
a distribution of N transition probabilities, In particu-
lar, one or two moments {e.g., the average product
energy and the average of the square of the energy) may
suffice, The least biased distribution®® satisfying these
constraints is often in quantitative agreement with exact
quantal calculations. The few lowest moments can be
calculated accurately with classical mechanics, using
fewer trajectories than needed for a histogram analysis.
The moment method has been used by a number of in-
vestigators to calculate vibrational®?%?%24=28 and rota-
tional?*2%28 product distributions in both nonreactive and
reactive’®~?" collisions,

In this paper we compare the forced oscillator and
moment methods with several exact quantal calculations.
In previous studies the forced oscillator model was com-
pared with experimental data'®!? and exact computa-
tions.'¥!617 The agreement was generally good; how-
ever there was some indication in the latter studies that
at high energies, where nonlinearity of the potential
may be important, the model may be less accurate.
Little effort has been made, however, to explore this
possible breakdown of the model. The moment method,
on the other hand, can fail at low colligion energies.

For example, a classical harmonic oscillator having an
initial vibrational energy of 3%w may lose energy on the
average. !° At higher energies the classical moments
are more accurate and yield good results for the clas-
gically allowed, and some of the classically forbidden
transitions. %%

In the present study we consider two model systems.
First we examine the collinear collision of an atom and
a harmonic oscillator, subject to a Lennard-Jones po-
tential, The same system was considered previously by
Gentry and Giese“’; here however we have considerably
extended the range of the calculations. The second sys-
tem is the collision of He + H,(v =1) with the ab initio
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interaction potential of Gordon and Secrest,?’ Duff and

Truhlar'? used a number of analytical fits of the Gordon~—

Secrest surface to compare the forced oscillator pre-
dictions with the exact calculations of Alexander and
Berard.®® Generally good agreement was obtained.
Here we report the moment calculations for the same
surfaces and initial conditions.

ti. THEORETICAL BACKGROUND

Kerner® and Bartlett and Moyal® showed that for a
harmonic oscillator driven by a force F(t), the proba-
bility for a transition from state m to state » at time ¢
is given by

P,.=mln! e*e™"S%, | (1)
where
min{m,n)
Smn= 2, (=1e?[(n=i)ljllm -] (2)
50

and €fiw is the phage averaged energy absorbed by the
classical oscillator at time {. For m =0, P,, is simply
a Poisson distribution,

Po":"—e-GE". (3)

For this system the average classical energy transfer
is given by If(w)?l /2, where f{w) is the Fourier trans-
form of F(#) and p is the reduced mass of the oscillator.
Since flw) is independent of the initial energy of the os-
cillator, € can be calculated from a single trajectory
with the oscillator initially at rest and at equilibrium.

For collisions with anharmonic oscillators and non-
linear potentials, Eq. (1) is inexact, but is assumed to
be a reasonable approximation. A further complication
arises from the fact that € is no longer independent of
the oscillator energy. The procedure which has gen-
erally been used is to calculate € from a single repre-
sentative trajectory, with the oscillator still initially at
rest and at equilibrium. An average initial translational
energy is chosen so as to satisfy microscopic reversi-
bility. Of the various methods used to obtain ¢, the
INDECENT model of Gentry and Giese'® appears to be
the most suitable. In this treatment the full potential is
used to calculate the trajectory, with the initial transla-
tional energy chosen to be some average of the initial
and final quantum mechanical translational energies.
Here we have chosen the initial velocity », to be the
arithmetic average,

vo=%(v, +2,), (4)
where v,, and v, are related to the total energy, E,,, by
Eyr=300p+E =510, + E, , ()

and E,, and E, are the initial and final quantal energies
of the oscillator in states m and n. The resulting value
of € is then inserted into Eq. (1) to obtain P,,,.

The moments of the energy transfer are given by the
expressions

N
(AE) =’Z,:P,,., (E, ~E,) (6

N
(AED) :};Pm,(E, -E,), etc., (M
J=

where N+ 1 is the number of open vibrational states. If
N moments are known exactly, these equations can be
inverted to yield N transition probabilities. In practice,
even very small errors in the moments render the meth-
od useless for N>2 or 3. Nevertheless, a plot of P,

vs n usually reveals that fewer than N parameters are
needed to fit P,, with tolerable accuracy. Indeed, as
few as two independent pieces of information may suffice
to describe P, at any given E,,,. A reasonable approxi-
mation of P, is the least biased distribution subject to
the constraints that (A E) and (A E® equal the exact clas-
sical values. This distribution is obtained by maximiz-~
ing the entropy -3, P, ;InP, , subject to the constraints
of Egs. (6) and (7). The result, using the method of
Lagrangian multipliers, 3! is

P, =exp{r,+N(E, ~E,) + \(E, -E,)%} . (8)

In Eq. (8), A, is a normalization constant, and \; and X,
are chosen such that Eq. (8) satisfies Eqs. (6) and (7).

While Eq. (8) is readily generalized to more than two
moments, there are two reasons why this was not done.
First, the higher classical moments do not correspond
as well with the quantal ones at moderate energies. The
advantage of a third constraint are more than offset by
the inaccuracy of the constraint, Second, even if the
moments are exact, numerical inversion of Egs. (6)-
(8) is often difficult to accomplish for N> 2.

The classical trajectories used to determine ¢, "
(A E), and (A EY were integrated by standard methods.
For the forced oscillator method, one trajectory was
computed for each transition probability. The moments
of the energy transfer were calculated by averaging over
the initial phase of the oscillator having internal energy
E,,. (The final internal energy is generally a sinusoidal
function of the initial phase.“?!) Using the moment
method a minimum of four and a maximum eight trajec-
tories were needed to obtain the entire P,,, distribution
at each collision energy. Close coupled quantum me-
chanical calculations for collisions with a harmonic os-
cillator were carried out using a program written by
A. Wagner, %

HI. RESULTS

In our first test we calculated the collinear transition
probabilities for collisions of an atom and a harmonic
oscillator (A + BC) with a Lennard-Jones interaction po-
tential, The dimensionless mass parameter,

m =m4mc/mamtog (9)

was 0.5; the Lennard-Jones distance parameter was
46.71 times half the zero point vibrational amplitude,
and the well-depth was 5.707x10™ zw, This model sys-
tem was first studied quantum mechanically by Guts-
chick ef al., ? and later semiclassically by Gentry and
Giese (Table VII of Ref. 13). Gentry and Giese con-
sidered in their work total energies of up to 6.2 kw. At
the highest collision energies the agreement between the
semiclasgical and exact results was poorer than at lower
energies. To see if the trend persisted we doubled the

J. Chem. Phys., Vol. 71, No. 11, 1 December 1979

Downloaded 18 Jun 2009 to 131.193.196.207. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



4722 Robert J. Gordon:
1 E L A B ]
[ 0—1 3
[ ® EXACT —
s QMOMENT )
- O INDECENT
s
107" |~ ]
- 3
L [m] :
- g X
107 - -
F 5
- 3
i ]
F T
- a
- —
[ 02 )
> - -
e
3 10 3 4
a f o ]
[@] - 3
4 s ]
Q - -
r4
S r -
=
2 0 —1
= s 3
o [ 4
— -
3 N
14? 1 © _ﬁr
F 0—3 E
r 1
- 1
10! = ~
5 ]
- ]
[ -
1072 =
g ]
[ ]
1073 PR A |
0 2 4 6 8 10 12 14
Etot/ hw
FIG. 1. Transition probabilities for collinear collisions of an

atom and a harmonic oscillator with a Lennard-Jones poten-
tial, as a function of total energy. Reduced collision param-
eters are m=0.5, 0=46.71, and €=0,005707. Filled circles
and solid curves are exact quantal calculations. Squares are
forced oscillator calculations. Open circles were obtained
with the moment method using two moments for Ey,,>3.5 fiw
and one moment for E,,<3.5 fw.

energy range, The results, shown in Fig, 1, indicate
that at high energies the forced oscillator method can be
as much as two orders of magnitude too large. The mo-
ment method, on the other hand, is in excellent agree-

Vibrational energy transfer. 111

ment for all classically allowed transitions. Our ex-
perience is that N must exceed the number of con-
straints, Thus for N33 we used two moments, while
for N=2 we used only one moment. In Fig. 1 acceptable
agreement was obtained for the first forbidden transition
only for N33,

Further calculations showed that the transition proba-
bilities are a sensitive function of the reduced mass pa-
rameter (i.e., of the skew angle of the potential energy
surface). In Fig. 2 Py, is plotted against m for E,
=8.2 w. The exact Py has a strong minimum near m
=0.4. The moment approximation faithfully reproduces
this effect, while the forced oscillator prediction is an
order of magnitude too large. For m = 0.8 both models
are fairly accurate, but at still higher values of m the
forced oscillator calculations are consistently too low.
We note that multiple collisions did not occur in these
calculations, even for large values of m.

One might expect that the errors in the forced oscilla~
tor model would diminish in three dimensions, To test
this we treated the oscillator as a breathing sphere and
calculated the transition probability as a function of the
orbital angular momentum /. The total cross sections
for various mass ratios at a total energy of 8.2 #iw are
listed in Table I. We found that at large [ the forced
oscillator probabilities are smaller than the exact val-
ues. At m =0.4 cancellation of errors at small and
large I (see Fig. 3) brings the semiclassical and quantal
cross sections into close agreement. At larger values
of m errors do not cancel, and the forced oscillator
cross section is consistently too small.
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FIG. 2. Transition probabilities for collinear collisions of an

atom with a harmonic oscillator with a Lennard-Jones poten~
tial, as a function of the mass parameter, m. Reduced colli-
sion parameters are By, =8.2, 0=46.71, and €=0,005707.
Filled circles and solid curve are exact quantal calculations.
Squares and dashed curve are forced oscillator calculations.
The crosses and open circles were obtained with the moment
method, using one and two moments, respectively.
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TABLE 1. Total cross sections oy for a breathing sphere
Lennard-Jones potential.?

Total cross section?

m Exact INDECENT One moment Two moment
0.1 0.112 0.099 0,073 0.094
0.4 0.375 0.342 0,256 0.332
1.5 0.449 0.327 0,370 0,403
2.0 0.092 0.075 0.093 0.092

2Reduced parameters: E,,=8.2, 0=46.71, €=0.0605707.
®In units of o®.

The second system we studied was He +Hy(v=1) at a
total energy of 0.14 hartree or 6.98 fw,. H, was treated
as a Morse oscillator (N=9), and the various numerical
fits to the Gordon-Secrest potential®® described by Alex-
ander and Berard®® were used. A zero impact parame-
ter was assumed, and the orientation angle of the oscil-
lator 6 was held constant in the fixed-nuclei approxima-
tion,* The results for surfaces GS and AB-4 are dis-
played in Tables II and IIl. The INDECENT results are
quoted from Ref. 17. As is evident from columns 3-5
in these fables, both methods are in fair agreement with
the exact results for Py, and P;,. However, in nearly
every case the moment method is more accurate. (The
average error in these tables is 17% for the moment
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FIG. 3. Opacity function for collision of an atom and a

harmonic breathing sphere with a Lennard-Jones potential.
The reduced mass parameter is m =0.4. Collision parameters
and symbols are the same as in Fig. 2.

TABLE II. Calculated transition probabilities for the GS potential energy surface.
Theta Classical Quantum

(degrees) Transition Exact INDECENT moments moments  Mixed Mnax
0 10 3.74=-22 3.06~-2 4.24-2 3.86-2
12 4.99-2 3.21~-2 5.46-2 5.02-2

13 5.90-4 1.91-4 2.61-5 1.86-5 1.48-3 1.45
20 10 3.75=2 2,96-2 4.17-2 3.87-2
12 5.04-2 3.13-2 5.51-2 5.07-2

13 6.02-4 1,814 2.64-5 1.92-5 1.49-3 1.45
45 10 2.51=-2 1.94-2 2.85-2 2.58-2
12 3.77=-2 2,10-2 4.13-2 3.79-2

13 3,.77~-4 8.29-5 7.93~6 5.60-6 7.79—4 1.38
57 10 1.29-2 9.24-3 1.35~2 1.31-2
12 1.89-2 1.03-2 2.05~2 1.90-2

13 1,014 2.01-5 5.34~7 4.17-7 1.83-4 1.27
68 10 1,91-3 1.69-3 2,16~3 1.92-3
12 2.66-3 2.01-3 2.95-3 2,66~3

13 2,44-6 8.09-7 4.57-10 3.09-10 3.91-6 1,10
70 10 9.32-4 9.32-4 1.09-3 9,34~4
12 1.14-3 1.16-3 1.31~-3 1.14-3

13 1.14-6 2,757 2,61-11 1.55-11 8.28-17 1,07
75 10 2.01-6 3.05-5 (2.72—6)b 5.51-6
12 1.14-4 6,625 (2,31—4) 1.15-4

13 1.81-6 1.32-9 (1.34-14) 3.34-16 1.30-8 1,01
80 10 8,364 2,34-4 6.75-4 8.50-4
12 2.48-3 1.81-4 2.16-3 2.48-3

13 6.57—-6 4,18~9 7.13-11 1.29-10 1.49-86 1.08
90 10 2,90-3 1.16-3 2.63-3 2.96-3
12 7.36-3 1.08<-3 6.85-3 7.38-3

13 3.30-5 1,.85~=7 5.84-9 7.97-9 1.61-5 1.14

43,74—2 means 3.74%10°2,

*Values in parentheses were calculated at 75, 9° because the moment equations were unstable

at 75.0°,
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TABLE III. Calculated transition probabilities for potential
energy surface AB-4,

Theta Classical
(degrees) Transition Exact INDECENT moments
0 10 3.65~2 2,732 4,342
12 5.46-2 2.81-2 6.35=~2
13 8.65-4 1.41-4 4.20~5
70 10 2.48-2 1.80-~2 2.80-2
12 3.89-2 1.93-2 4,302
13 4.55-4 6.93~5 8.75-6
90 10 1.96-2 1.41-2 2.18~2
12 3.09-2 1.53-2 3.39-2
13 2,90-4 4.33-5 3.49-6

method and 192% for the forced oscillator calculation.)
For Py; both methods are poor, with the moment method
considerably worse. As shown in the last column of
Table II, all the transitions are classically forbidden.
(4x here is the maximum classical value of the final
quantum number.) It is our experience that the first
classically forbidden transition (here Py, or Py,) is pre-
dicted reliably by the moment method, while more
strongly forbidden transitions are predicted much more

poorly.

In order to determine whether the failure of the mo-
ment method for Py; was due to the inaccuracy of the
classical moments or to the inadequacy of only two con-
straints, we recalculated P,, using the exact first and
second quantum mechanical moments. As seen in col-
umn 6 of Table II, the “synthesized” values of P;, and
Py, are in excellent agreement with the exact ones, while
Py, is still very poor. When three moments were used
(even exact quantal moments), the Lagrangian equations
could not be solved.

An improved value of Py; can be obtained by combining
the two methods. Py, and Py, were first computed by the
two moment method. Equation (1) was then least squares
fitted to these values, treating ¢ as a free parameter.
The fitted values of Py and Py, generally were within
20% of the moment values. The effective ¢ was then
used to predict Py, from Eq. (1). The result, labelled
“Mixed” in Table II, is generally closer to the exact re-
sult than either the INDECENT or moment predictions.

1V. DISCUSSION

Our application of the moment method differs in a
number of ways from the information theoretic calcula-
tions of Levine, Bernstein, and co-workers. In the vast
majority of cases linear surprisals for cross sections
and rate constants have been reported, indicating that a
single moment should suffice, (One exception is Ref.
26.) On the other hand, we have found that for collinear
transition probabilities, *° and for the opacity function
P,,(b) evaluated at impact parameter b, two moments
are required. For comparison the single moment re-
sults are indicated by the crosses in Figs. 2 and 3. Be-
cause of a cancellation of errors at different values of
b, the single moment cross sections are in reasonable
agreement with exact calculations (see Table I); how-

Robert J. Gordon: Vibrational energy transfer. [l

ever, the use of two moments always led to more ac-
curate results. It is interesting to note that the single
moment transition probabilities (Fig. 2) and opacity
function (Fig. 3) are very similar to the forced oscilla-
tor results. This is not unreasonable since the forced
oscillator model uses only a single moment for its “in-
put.”

In the surprisal synthesis of Procaccia and Levine?%?!

the conditional probability P(zlm) is defined as

P(n|m)=0,,/0,, {9)

where o, is the state-to-state cross section, and oy is
the total cross section out of initial state m. P(nim) is
obtained from solution of the Lagrangian equations., In
order to obtain the absolute magnitude of o,,, o0, must
be determined separagely (e.g., from the trajectory
calculations). In our approach the opacity function
P,,.(b) is obtained from solution of the Lagrangian equa-
tions [Eq. (8)] at different values of », and then inte-
grated over b (or I) to obtain o, directly,

Another difference is that Levine and co-workers use
the absolute value of the energy transfer to calculate the
first moment, while we (and Truhlar and Duff’?) use the
energy transfer itself. Chapman and Green®’® found the
latter method more accurate; however, because of the
inadequacy of the moment method in their calculations,
this point should be checked further,

In a more general treatment? P, is compared to a
prior distribution, P, leading to the result

P =P expihe+ M(E, - E,) + M(E.~ E,)°} . (10)

The prior may be an unbiased distribution (e.g., pro-
portional to the product density of translational states),
or it can be a “sophisticated” prior incorporating dy-
namical information. For example, the prior could be
the forced oscillator distribution [Eq. (1)]. In Eq. (8)
we have used a constant prior, Py,=1/N. We found,
however, that all three priors lead to virtually identical
results., This is in agreement with the finding of Hal-
avee and Levine.

Previous tests of the forced quantum oscillator model
found it to be in excellent agreement with exact results.
We have found here, however, that under some circum-
stances the model may be in error by more than an or-
der of magnitude. The source of this error is readily
traced to nonlinearity in the potential near the turning
point of the collision. A useful measure of this nonlin-
earity is the effective force constant k() (i.e., the sec-
ond derivative of the potential with respect to the oscil-
lator coordinate). It has been shown that the distortion
in & produced by a Lennard-Jones intermolecular poten-
tial is considerably larger than for a repulsive exponen-
tial potential.*® As expected, the maximum value %, of
the effective force constant increases with collision en-
ergy and decreases with orbital angular momentum,
Defining 2 =1 for an unperturbed harmonic oscillator,
we find in Figs. 1 and 3 that the forced oscillator model
is inaccurate for £51.5. In Fig. 2, k&, varies from 2.27
atm=0.1to 1.74 at m=2.0. In contrast, for a repul-
sive exponential potential with m =0.5, E,,,=8.2, and
a =0.29, during a 0—~1 transition %, has a value of only
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1.11. Thus, by monitoring %(f) along the trajectory it
should be possible to anticipate the accuracy of the
model,

As compared with the forced oscillator model, the
moment method is much less sensitive to details of the
potential energy surface. The method is limited, how-
ever, to classically allowed and the first forbidden
(either upwards or downwards) transitions. Also, at
low energies with only two or three open states, the
moment method is unreliable, and the forced oscillator
model is preferred. While the usefulness of informa-
tion theory appears to be quite general, additional tests,
particularly in three dimensions, are required before
it can be routinely used as part of a quasiclassical tra-
jectory analysis.
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