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Exact classical and quantum mechanical calculations of V-T relaxation were carried out for the model
system He+O,(v =1). The diatomic molecule was treated as a harmonic oscillator, and a spherically
symmetric Lennard-Jones intermolecular potential was assumed. The bin and two-moment methods were
used to quantize the classical energy transfer. For a deep well both classical and quantal calculations
showed evidence of complex formation. In this case inelastic transitions were classically allowed even at
low collision energies. The classical transition probabilities generally agreed within a factor of 2 with the
quantal results. The final energy distribution of the complex trajectories was not completely random, as

compared with the information-theoretic prior expectation.

I. INTRODUCTION

Classical mechanics provides an accurate description
of molecular collisional processes under a wide range
of conditions.! The assumption of the validity of classi-
cal mechanics is the basis for the widespread use of trajec-
tory calculations to describe scattering phenomena, 2
However, only a limited number of comparisons of exact
classical and quantum mechanical scattering calcula-
tions have been carried out.** In order to put trajec-
tory calculations on a firmer footing, it is important to
determine the conditions under which classical mechan-
ics breaks down,

In a previous paper® (hereafter referred to as Paper I)
we compared exact classical and quantum mechanical
calculations of vibrational energy transfer for collisions
of an atom with a spherically symmetric diatomic oscil-
lator. It was found that for a repulsive exponential in-
termolecular potential, the average classical and quan-
tal energy transfer were in excellent agreement at col-
lision energies exceeding the vibrational spacing of the
oscillator, khy. However, the determination of classical
transition probabilities presented a problem. The usual
histogram or bin method was inaccurate because of the
existence of a large classical threshold. That is, for
the particular problem studied [He + Oy{v = 1)], at trans-
lational energies less than 3ky no trajectories produced
an energy transfer greater than hv/2. On the other
hand, a moment method based on the information theo-
retic techniques of Levine, Bernstein, and co-work-
ers™® and of Truhlar and Duff” was quite successful. It
was speculated that for less repulsive potential functions
the classical threshold may be lower and the bin method
may be applicable.

In the present paper we compare calculations of clas-
sical and quantum mechanical energy transfer for colli-
sions of an atom and a harmonic oscillator with a spher-
ically symmetric Lennard-Jones potential. A number
of exact quantum mechanical calculations have been re-
ported for collinear collisions with an attractive inter-
molecular potential.® " Several semi-classical approx-
imations'®2% have been tested against two of the quantal
calculations,*!! with generally satisfactory results. To
our knowledge, purely classical calculations with an at-
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tractive potential have never been tested, aside from a
brief study in Paper I.

Our objectives here are twofold. Itis wellknownthat
if the well depth in the intermolecular potential is com-
parable in magnitude to the translational energy, a long-
lived collision complex may be formed.?' OQur first ob-
jective is to test the validity of classical mechanics
when such complexes occur. Second, we wish to gain
insight into the effects of collision complexes on vibra-
tional energy transfer. Such complexes play a central
role in unimolecular kinetics,? and are important in a
large number of bimolecular reactions as well.*® Re-
cent experimental evidence has shown that long range
attractive forces can greatly enhance the rate of vibra-
tional relaxation, 243!

i. METHODS

The classical and quantum mechanical calculations
were described in Paper I. The classical equations of
motion were integrated by standard methods. The quan-
tum scattering problem was solved by the method of
R. G. Gordon,* using a program written by A. F. Wag-

ner. 1%

In the present study a spherically symmetric Len-
nard-Jones potential.

V(r) = 4€[(o/7)"? = (o/7)°] , (1)

was used throughout. As in Paper I we calculated the
vibrational energy transfer for the system He+ O,(v = 1).
The nominal potential parameters!® are ¢=115.5 and
€=0.01593. The unit of length is one-half of the zero
point vibrational amplitude, while the unit of energy
throughout this paper is the vibrational spacing of the
harmonic oscillator. In order to increase the incidence
of complex formation, in some of the calculations we
set €=2 or 3. A table of typical values of € for neutral
scattering partners is given in Ref. 14.

The classical transition probabilities P, and P,,, for
final states j=0 and 2, were calculated by the bin meth-
od and the two moment method discussed in Paper I. In
the bin method P,, is defined as the fraction of initial
oscillator phases leading to an energy transfer AE be-

© 1978 American Institute of Physics 5923

Downloaded 18 Jun 2009 to 131.193.196.207. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



5924

Robert J. Gordon: Vibrational energy transfer. |1

FIG. 1. Final vibrational en-
ergy, E,», as a function of ini-
tial oscillator phase, ¢, for
He+O,(w=1), withe€=2.0, E,
=1.1, and I=0. The curve is

a sine function, defined by Eq.
(6), with ¢ a least squares
parameter. The open circles
correspond to trajectories with
only one turning point. The
solid circles correspond to
complex trajectories (i.e.,
trajectories having more than
one turning point). The insert
is a plot of the upper (¢,) and
lower (¢.) phases defining the
complex region.
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tween - 0.5 and ~ 1.5, while P,, is the corresponding
fraction of phases with 0.5 =AE<1.5.

The key assumption of the moment method is that the
classical moments are a good approximation to the ex-
act quantum values. Quantum mechanically, the nth
moment for N states with the oscillator initially in state
i is defined by

(a"E) - f; (G=i)P, .
7=

The zeroth moment is just unity. In principle, if n=N
and n independent moments (in addition to the zeroth
moment) are known, Eq. (2) can be solved for all the
transition probabilities. In practice® even small uncer-
tainties in some of the moments can cause very large
errors in solving sets of equations for n>2. A way
around this dilemma is to use fewer than » moments to
calculate the least biased (in the information-theoretic
sense) probability distribution.® In Paper I two mo-
ments were found to be adequate for most purposes.
For an initial state { =1, three different cases occur.
For translational energy, E,, less than 1,

(2)

Py= —(AE) (3a)
and

Ppto. (3b)
For 1 <E, <2,

Pyy=((a%E) - (AE))/2 (4a)
and

P,,=((a%E) + (AE))/2. (4b)

For E, =2, the least biased probability distribution is
used, namely,

va':exp{—[)‘o‘*')\l(vl-v)]}’ (3)

where X, and A are the usual Lagrangian multipliers, ®

ti. RESULTS

It has been shown by a number of authors that for di-
rect collisions of an atom with a harmonic oscillator the
energy transferred is a sinusoidal function of the initial
oscillator phase. #2%2! In contrast, the amount of ener-
gy transferred in a complex trajectory varies in a very
complicated fashion with the initial phase., This behav-
ior is illustrated in Fig. 1 for a collinear collision with
E,=1.1and €=2, The curve has the functional form

AE=5+Asin(¢+ o), (6)

where ¢ is the initial phase of the oscillator, and 5, A,
and ¢, are least-squares parameters. The trajectories
used for this fit (open circles) all have a single turning
point, while the trajectories in the complex region (solid
circles) have at least three and as many as 93 turning
points. In calculating the classical moments, contribu-
tions from both direct and complex trajectories must be
included. The former was obtained from a least-
squares fit of Eq. (6) to the direct trajectories, while
the latter was evaluated by computing typically 20 even-
ly spaced trajectories inthe complex region. The width of
the complex region decreases with E,. In collinear col-
lisions with € =2, no complexes are formed for E,
>1.48. This fact is illustrated in the insert of Fig. 1,
where the minimum and maximum phases defining the
complex region are plotted against initial translational
energy. For a spherically symmetrical potential the
width of the complex region also decreases with in-
creasing impact parameter.

The quantum mechanical calculations also show evi-
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FIG. 2. Classical and quantal transition probabilities for col-

linear collisions with € =0.01593, as a function of initial trans-
lational energy, E;. The solid circles and solid curves are
the quantal results. The open circles and dashed curves are
the moment calculations. The squares and dot-dashed curves
are the bin results. Note the shift in scale for P,,,
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FIG. 3. Classical and quantal calculations for P, fore=2, as
a function of initial translational energy. Symbols are the
same as in Fig. 2. Error bars for E;=<1.2 are the standard
errors due to sampling of trajectories in the complex region.
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FIG. 4. Classical and quantal calculations of Py, for collinear

collisions with € =2, as functions of initial translational energy.
Symbols are the same as in Figs. 2 and 3.

dence of complex formation, although there is nosharply
defined complex region as there is in the classical case.
The number of virtual states needed for convergence in-
creases with €, and these states must be retained far
into the asymptotic region. Moreover, the transition
probabilities have increasingly complicated energy de-
pendences as € is increased. This behavior is illustrat-
ed in Figs. 2-5 for collinear collisions, For €=0,01593
(Fig. 2) Py and P,, increase smoothly and monotonically
with E,. Both transition probabilities vary by several
orders of magnitude over the energy range studied. In
contrast, for €=2 (Figs. 3 and 4) P, and P,, have er-
ratic behavior, but on the average vary only slightly
with energy. At E,=1 there is a discontinuity in the
quantal calculation of P;,. At E,=2 there is a similar
jump in Py and a weaker step in Py,. These variations
are caused by the opening of new vibrational states. In
addition there is a strong resonance at E,=1.753 with a
FWHM =0.007. Oscillations in P,; have been observed
in many other studies, but only in a few cases of non-
reactive scattering with an attractive potential have
sharp resonances been reported, 121833 We did not make
a systematic attempt to locate all such peaks in the
present study. The structure observed for €=2 is
greatly enhanced for €=3 (Fig, 5), with many undula-
tions apparent in P;;.

The classical and quantal transition probabilities are
compared in Figs. 2-4. For € =0,01593 there are no
collinear complexes in the energy range studied. The
classical threshold for Py, (i. e., for AE < - 0. 5) occurs
at E,=1.95, whilefor P{;,(AE= 0, 5) thethresholdisat E,
=2.25. Although these thresholds are smaller than in
the case of a repulsive exponential potential,® they are
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FIG. 5. Quantal calculations of transition probabilities for

collinear collisions with € =3, as a function of initial transla-
tional energy. Note the shift in scale for p,,,

sufficiently large that the bin method would produce sig-
nificant errors in calculations of cross sections and rate
coefficients. The moment method, on the other hand, is
in excellent agreement with the quantum results.

When € is increased to 2 the situation is quite differ-
ent. In this case there are no classical thresholds, and
the bin method actually fares slightly better than the
moment analysis. The moment method, however, does
predict the discontinuity at E,=2. The moments used
in these calculations are shown in Fig. 6. We note that
the classical values of (AE) are accurate for E,>1.5,
while the classical {(A%E) is accurate only for E, > 2.
The factor of 2 discrepancy between the exact quantal
calculations and the classical moment approximations
of P,, for E, >2 implies that at higher translational en-
ergies more than two moments are needed to describe
the probability distribution.

The variation of P, with orbital angular momentum,
I, is shown in Fig. 7 for E,=1.1. The quantum transi-
tion probabilities have several interesting features. At
1 =49 there is an abrupt decrease in P{,. This jump is
due to the fact that at! =49 the centrifugal barrier cal-
culated with the potential energy matrix elements for
i=1 and j =2 lies above the initial translational energy.
Also there are a number of resonances, most of which
occur for I >49. The origin of these resonances, and
the role of the centrifugal barrier, are under further
investigation.

In the corresponding classical calculations, collision
complexes were formed for I =35. Forl=72, Py, is
classically forbidden, and for [ =79 P, is also forbid-
den. The moment analysis predicts nonzero P, at larg-
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er values of /; however, for /=90 it predicts negative
values of P,,. The reason for this is that for strongly
forbidden transitions the constraints

P, —P=(aE) (7a)

and

Pyp+ P, =(A%E), {b)

are inconsistent when the classical moments are used
to approximate the true ones. In this case we used Egs.
(3) to calculate P, . **

The integral cross sections for the transitions shown
in Fig. 7 are listed in Table I. For the 1 - 0 transition
the classical moment cross section is in excellent
agreement with the quantal result, The bin calculation,
however, is 50% too large, despite the fact than the
transitions for large I are classically forbidden
(i.e., |IAE|<0.5). For the 1-~2 transition the agree-
ment for both classical methods is poorer because of the
centrifugal falloff at / = 49 in the quantal calculation.

It is interesting to compare these integral cross sec-
tions with similar calculations for a shallow well where
classical complexes do not occur. For €=0,01593 and
E,=1.1 (see Table I) inelastic transtions are classically
forbidden for all /. That is, the bin method predicts
cross sections of zero. The moment method does the
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FIG. 6. First two moments of the transition probability dis-

tribution, as defined by Eq. (2), for collinear collisions with

€ =2. The solid circles and solid curves are the quantal re-
sults, while the open circles and dashed curves are the classi-
cal calculations. (a) Average energy transfer vs initial trans-
lational energy. (b) Average of the square of the energy trans-
fer vs initial translational energy.
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FIG. 7. Classical and quantal
transition probabilities as a
function of orbital angular mo-
mentum, [, for € =2 and E;
=1.1. Symbols are the same
as in Figs. 2—4. Note the shift
in scale for P,,,
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same for the 1 - 2 transition, but for 1 -0 (using Eq.
[3a]) it is in excellent agreement with the quantal result.

1V. DISCUSSION

The grouping of initial oscillator phases into two
bands, one containing only direct trajectories and the
other only complex ones, was first noted by Rankin and
Miller® for collinear reactive scattering of H+ Cl,. As
in the present case, they found that the complex region
is centered about the phase of maximum energy transfer
(¢ + do=7/2 in Fig. 1). The energy dependence of the
upper and lower bounds of the complex region (¢, and ¢_
in Fig. 1) is reminiscent of the reactivity maps found
by Laidler, Tan, and Wright®® for H+ H, collisions. In
their case reactive trajectories occur only in a well de-
fined band of phases. The trajectories in this band are
all direct, while on the boundaries multiple collisions
occur. In the present calculations trajectories on the
boundaries of the complex region have very long colli-
sion times, and generally were not completed in 2 min
of IBM 370/158 cpu time. The analogy with the reac-
tivity bands should not be taken too literally, however,
because the fitted value of ¢, in Eq. (6) varies erratical-
ly with energy, and it is only the width of the complex
region that has a smooth energy dependence.

There is a simple way of locating the phases ¢, and
¢.. Note in Fig. 1 that the quantity A + 5 [defined in Eq.
(6)] is larger than the collision energy, E,. Since AE
cannot exceed E;, there must be a range of phases in
which Eq. (6) does not hold. The upper and lower
bounds of this range, given by

90 100

¢, =sin”'[(E, - 6)/A], (8)

turn out to be the same as the bounds of the complex re-
gion, 37

A matter of some interest is the energy distribution
after the complex redissociates. Gottdiener?! showed
that AE is not a random function of ¢. Rather, the
complex region consists of many parabolically shaped,
piecewise continuous segments with d?AE/d¢%>0. On
each parabola the number of turning points in the trajec-
tories is constant. The overall structure of the com-
plex region is very complicated, with apparent discon-
tinuities between parabolas. Because of this complex-
ity, it is possible that the distribution of final energies
might turn out to be nearly random.,

The randomness of the final distribution can be tested
with information theory.® The usual assumption is that

TABLE 1. Integral cross sections for E,=1,1.%

Quantum Moment Bin
Transition € Result Method Method
1—0 2,0 45 51 66
1—2 2.0 20 31 47
1—0 0,01593 0.28 0.30 0
1—2 0.01593 1.8-4 0 0

2Energies are expressed in units of kv, Cross sections are in

A?. 1.8-4 means 1.8x 1074,
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TABLE II. Comparison of prior and actual moments of the
final energy distribution in collinear complexes,

E <fp <fi> <AE> (AE)

2.8 0.74+0,032 0,56+0,05 0.02+0,08  0,1240,04
(0.67)® (0.53) (0. 033) (0.47)

2.4 0,80 0,04 0.66+0.06 0.42+0,09 0.28+0,07
(0. 67) (0.53) (0.10) (0.52)

2.5 0.74+0,03 0.56+0.05 0.34+0,08 0.22+0,06
(0.67) (0.53 (0.17) (0.58)

2.6 0,75+0,02 0.59+0,03 0.45+0,06 0.37=0.06
0.67) (0.53) (0.23) (0. 66)

2,7 0.73+0,05 0.56+0,09 0.48+0,14 0.39+0,14
(0.67) (0.53) (0. 30) (0.74)

aMoments of the actual distribution with € =2, Uncertainties

are the standard errors.
bprior moments are in parentheses.

the prior detailed transition rate i~ j at total energy F
is given by5

Ki~j; E)=Rp(E,.), (9

where p is the density of states of the products, E, is
the final translational energy, and R is a constant inde-
pendent of energy. For collinear collisions®®

P(E,)=A EpV2, (10)

where A, is a constant. If f, is the fraction of the total
energy in product vibration, Eqs. (9) and (10) yield the
prior distribution function

P(f,)=1/2(1-f,)"/?, (11)
with the first two moments

(f=2/3 (12)
and

(f3)=8/15. (13)

The prior and actual moments of f, for the complex
region at a number of different energies are compared
in Table II. The prior values of (f,) and {fZ) are close
to the actual values, differing on the average by only
—~0.08 and 0,05, respectively, The first two moments
of AE are relatedtothe momentsof £, by the expressions

<AE>:E<fv>—Ev (14)

and

(a%E)=E*(f}) - 2B, E(f)+EL, (15)
where E, is the initial vibrational energy and E is the
total energy. As shown in Table II, the prior moments
of AE differ substantially from the actual values.

The actual and prior distributions of f, for E,=1.1
are plotted in Fig. 8. In both distributions most of the
energy is retained in vibration. The actual distribution,
however, appears to be bimodal, and has no trajectories
with f,<0.5. These features indicate a bias in the dis-
tribution, which arises from the minima of the parabolic

Robert J. Gordon: Vibrational energy transfer. ||

regions described by Gottdiener.?' Since approximately
half of the complex trajectories have only three turning
points (i.e. two bounces), some nonrandom behavior in
AE is not unreasonable., Nonrandom unimolecular dis-
sociation of larger molecules has been found in other
trajectory calculations, 3%

The quantal transition probabilities vary nonmonoton-
icaly with energy, displaying greater complexity as the
well depth is increased. This trend, illustrated in
Figs. 2-5, has been observed previously with a variety
of potential functions.®"!7 A further point of interest is
the size of the transition probabilities. For a shallow
well the inelastic transition probabilities are fairly
small {Fig. 2). As the well depth is increased, inelastic
transitions become more probable than elastic ones,
even at low collision energies (Figs. 3-5). This ten-
dency holds for integral cross sections as well, as
shown in Table I, and is consistent with experimental
observations that vibrational relaxation is significantly
enhanced when complexes are formed. *!

We have shown in this paper that both the moment and
bin methods are useful in approximating quantal transi-
tion probabilities. For shallow wells the existence of a
classical threshold makes the bin method highly inaccu-
rate at thermal energies. For deep wells there is no
threshold, and the bin probabilities are in fairly good
agreement with the quantal values. However, the bin
method (at least as formulated here) then suffers from
the difficulty that it predicts nonzero probabilities for
endoergic transitions that are energetically inaccessi-
ble. (E.g., for E,<1 there are some trajectories with
AFE >0.5).) The moment method does not have these
shortcomings. However, it is more sensitive to the
classical estimate of the average energy transfer, espe-
cially at low collision energies. On the whole the mo-

T I T
0.3 A
0.2 ]
P(f,)
01— —
] 1 1 ]
o'OO.O 0.2 04 06 038 1.0
fy
FIG. 8. Probability of a fraction f, of the total energy ap-

pearing in final vibration. The histogram is the actual distri-
bution calculated from 50 trajectories with € =2. The curve is
the prior distribution divided by 10 to correspond to a histogram
bin size of 0.1.
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ment method appears to be the more reliable of the two.
Nevertheless, errors of up to a factor of 2 are likely in
calculations of integral cross sections. This is in con-
trast with the case of direct collisions, where greater
accuracy is achievable with classical mechanics.?
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